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Abstract: We consider the operator product expansion (OPE) structure of scalar primary
operators in a generic Lorentzian CFT and its dual description in a gravitational theory
with one extra dimension. The OPE can be decomposed into certain bi-local operators
transforming as the irreducible representations under conformal group, called the OPE blocks.
We show the OPE block is given by integrating a higher spin field along a geodesic in the
Lorentzian AdS space-time when the two operators are space-like separated. When the two
operators are time-like separated however, we find the OPE block has a peculiar representation
where the dual gravitational theory is not defined on the AdS space-time but on a hyperboloid
with an additional time coordinate and Minkowski space-time on its boundary. This differs
from the surface Witten diagram proposal for the time-like OPE block, but in two dimensions
we reproduce it consistently using a kinematical duality between a pair of time-like separated
points and space-like ones.ar
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1 Introduction and summary
The last decade has seen a revival of interests in Conformal Field Theory (CFT) in higher
dimensions with recent advances of numerical techniques applied to conformal bootstrap
programme [1] (see e.g. [2–4] for reviews). Correlation functions are severely constrained
by conformal symmetry and completely fixed up to three-point functions. For the higher-
point functions, they can be reduced to the lower-point ones by using the operator product
expansion (OPE) [5, 6]:
Oi(x)Oj(0) =
∑
k
Cijk(x, ∂x)Ok(0) ,
where Oi(x) is a primary operator labeled by a unitary irreducible representation i of the
conformal group and Cijk(x, ∂x) is a composite derivative operator which generates the contri-
butions of the descendant operators in the conformal multiplet of Ok and whose form is fixed
by conformal symmetry up to the OPE coefficient cijk. Hence a CFT can be, in principle,
characterized by the spectrum of primary operators and the OPE data.
Most works so far have been devoted to Euclidean CFT’s partly due to their relevance
to critical phenomena in statistical systems and the AdS/CFT correspondence. In Euclidean
theories correlation functions are free from the intricate causal ordering issues and there can
only be one type of correlation functions. Constructions of conformal correlation functions
were undertaken in [7–11] and a systematic method of the classification was developed by
[12] using the embedding space formalism [13, 14]. Among others, four-point functions have
been extensively studied by decomposing them as a linear combination of universal building
elements called conformal blocks [15–18]. They form the basis of numerical conformal boot-
strap and have an intuitive holographic description known as the geodesic Witten diagram
[19].
More recently, Lorentzian CFT’s have attracted renewed interest in light of the novel
development in analytic bootstrap in lightcone [20–22], the Regge limits of correlation func-
tions [23–27], and the remarkable applications in deriving averaged null energy condition in
flat space [28, 29] and the Lorentzian inversion formula [30, 31]. Conformal blocks play a
vital role also there as a probe of causal relationships between operators in Minkowski space,
whose structures have been deeply tied to a class of quantum integrable systems in the past
few years [32–34].
However in contrast with the somewhat simplified Euclidean cases, in Lorentzian theories,
there are various types of correlation functions such as time-ordered and Wightman correlators
due to the causal ordering of the primary operators. Despite the variety, any Lorentzian
correlation function can in principle be recovered by analytic continuation of the Euclidean
correlation function with a proper i -prescription [35–37]. In this sense Lorentzian conformal
field theories appear to be subsidiaries of their Euclidean counterpart but there are intrinsic
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properties associated with the causal structure of space-time that become manifest only in
Lorentzian settings. For instance, a recent study shows that there exist continuous spin
operators in any Lorentzian CFT [38].1 The key to the construction of such an operator is
the light transform that integrates a local operator along a null direction, which is obviously
possible only in Lorentzian signature. Lorentzian CFT’s have just begun to be re-explored
with a fresh eye and there remains the question of what constraint we can draw on the OPE
data from the causal structure.
In this paper, we revisit the OPE structure in Lorentzian CFT and derive its holographic
representation. In particular we focus on the so-called “OPE blocks” introduced in [40] during
the nascent stage of conformal field theory studies, they are bi-local operators which package
the individual primary operator and its infinite descendants in the OPE:
Oi(x1)Oj(x2) =
∑
k
cijk Bk(x12) . (1.1)
The precise definition of Bk(x12) is sensitive to the nature of the separation x12 ≡ x1 − x2,
and differs for space-like and time-like cases. We will construct the gravitational/holographic
dual of OPE block for various cases. In this work we focus on the OPE of two scalar primaries
i = [∆1, 0], j = [∆2, 0] with general conformal dimensions ∆1,∆2 for simplicity, thus only
the OPE blocks in spin-J representations (k = [∆, J ]) contribute to the right hand side of
(1.1). It is pointed out in [41] (see also [42]) that the scalar OPE block (J = 0) for a pair of
space-like separated points takes the form of “half” a geodesic Witten diagram:
B∆(x12) ∼ 1
(x212)
∆1+∆2
2
∫
γ12
dλ eλ(∆1−∆2) Φ∆ (y(λ)) , (1.2)
where y(λ) parametrizes the geodesic γ12 connecting x1 and x2 in the Poincare´ AdSd+1 space-
time with parameter λ and Φ∆ is the so-called HKLL representation of an AdS scalar field
[43, 44]. In two dimensions the space-like spinning OPE block in the conserved current
representation (∆ = d− 2 + J) is also considered and shown to take a similar form with Φ∆
replaced with a massless higher spin field on AdS3 [45]. However, there have been no general
results for spin-J case in higher dimensions (and non-conserved case in two dimensions),
especially for the OPE blocks of a pair of time-like separated points. Deriving the holographic
description of the time-like OPE block explicitly is one of the main results of this paper.
We start section 2 with the Euclidean OPE block to set the stage for the Lorentzian case
in the subsequent sections. We use the embedding space formalism to give an integral repre-
sentation of the OPE block using the shadow projector [40, 46] (see also [9, 47]) implemented
in the embedding space [48]. The Euclidean OPE block B(E)∆,J turns out to be an integral
1They are non-local operators called light-ray operators and make an appearance in QCD [39].
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transform of a primary O∆,J :2
B(E)∆,J(x12) ∼
∫
[ddx0]EK∆1,∆2,[∆¯,J ](x1, x2, x0)O∆,J(x0) , (1.3)
with an integral kernel K∆1,∆2,[∆¯,J ](x1, x2, x0) transforming as the three-point function of
O∆1(x1), O∆2(x2) and a primary operator of shadow dimension ∆¯ ≡ d − ∆ and spin J
at O∆,J(x0). This expression will be our starting point of deriving the holographic form
of the OPE block. A Feynman parametrization of the K-kernel naturally introduces the
parameter λ appearing in (1.2), and by exchanging the order of integration we derive an
analogous expression to (1.2) for spinning OPE blocks with the “bulk” field Φ
(E)
∆,J satisfying
the equation of motion for a spin-J field on the Euclidean AdS space. The correlator of two
OPE blocks correctly reproduces the geodesic Witten diagram with spinning exchange [49–52]
as expected. We also derive an alternative representation of the spinning OPE block using a
differential operator, which will be used in comparing with the Lorentzian result in the later
section.
In section 3 we set up the shadow formalism adapted to Minkowski space-time to write
down an integral representation of the Lorentzian OPE block in parallel with the Euclidean
case. The Lorentzian shadow projector can be obtained by analytically continuing the Eu-
clidean projector but it is more transparent to construct it in momentum space [53, 54].
Applying the momentum shadow projector to a pair of operators we derive the Lorentzian
OPE block B(L)∆,J as an integral transform of O∆,J in momentum space:
B(L)∆,J(x12) ∼
∫
[Ddp]LQ∆1,∆2,[∆¯,J ](x1, x2, p)O∆,J(p) . (1.4)
We should stress here that this expression is not new, but a well-established result derived in
[40, 47, 55–57] about half a century ago, and we reproduce it here in a slightly different way
using the momentum shadow projector. Thus this section may be regarded as a self-contained
review of the known facts about the Lorentzian OPE block. The reader not interested in the
derivation can safely skip to the next section after skimming the definition of the Q-kernel
(3.19) and the final result (3.26).
Armed with the integral representation (1.4) we consider the space-like OPE block and
derive the holographic representation in section 4. When x1 and x2 are space-like separated,
the result shares many similarities with the Euclidean case. We obtain a generalization of
(1.2) to arbitrary spin-J representation. In the special case when O∆,J is a conserved current,
we find that the space-like OPE block has an illuminating gravity dual description, given by
integrating a massless higher spin field [58] over the geodesic γ12.
We then turn our attention to the time-like OPE block in section 5. By analytically
continuing the integral representation (1.4) to the time-like configuration and performing
2We suppress the contracted spin indices for simplicity.
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similar manipulations to the space-like case, we derive a new representation of the time-
like OPE block. Contrary to one’s naive expectation, the time-like OPE block has a quite
different structure and interpretations from the space-like one. It takes the form of half
geodesic Witten diagram not on the Lorentzian AdS space-time, but on a hyperboloid with
two time directions in R2,d. This new structure is the manifestation of the causal structure in
Lorentzian CFT, which is inaccessible from the Euclidean perspective and can be understood
as follows: In Euclidean signature, the Euclidean AdSd+1 space is the unique extension of a
flat space Rd CFT’s live on in the embedding space R1,d+1. On the other hand, there are two
different extensions of Minkowski space R1,d−1 to a higher-dimensional hyper-surface inside
the Lorentzian embedding space R2,d, each of which precisely corresponds to the space-like
and time-like case respectively.
The time-like OPE block has been studied in relation to entanglement entropy in [42, 59]
and is proposed to be holographically described by the surface Witten diagram that integrates
an AdS field over a codimension-two space-like hyper-surface in the AdS space-time. Our
result based on the analytic continuation is different from the proposal. Motivated by this
discrepancy, we present another derivation of the time-like OPE block using a kinematical
duality exchanging a pair of time-like separated operators with a space-like codimension-two
defect [60, 61]. While we are not able to address this issue in full generality, we show that
the duality method reduces the time-like configuration to a space-like one, ending up with
the surface Witten diagram in two dimensions.
We discuss the implications of our results and few open problems in section 6. Ap-
pendix A includes useful formulas used in the main text and a brief review on the embedding
space formalism in both Euclidean and Lorentzian signatures. Appendix B summarizes our
conventions for Euclidean and Wightman two-point functions. In appendix C integral repre-
sentations of various types of Bessel functions used in deriving the holographic OPE blocks
are collected. Appendix D gives the computation of a three-point function with the surface
Witten diagram as a modest check of the validity.
2 Euclidean OPE block
Let us start by constructing the holographic dual configuration in (d + 1)-dimensional Eu-
clidean AdS-space for the spinning OPE block in a d-dimensional Euclidean CFT. This some-
what more familiar warm up case will help us to fix various notations and serve as clear
comparison with the Lorentzian cases we will consider next. In this section we will work in
the so-called “embedding space” formalism, our conventions for the embedding space coordi-
nates in so-called Poincare´ section are given in appendix A.2.
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2.1 Shadow formalism in the embedding space
Consider the operator product expansion (OPE) between two scalar primary operatorsO∆1(P1)
and O∆2(P2), which can be decomposed into the summation of bi-local functions B(E)∆,J(P1, P2)
called the OPE blocks:
O∆1(P1)O∆2(P2) =
∑
[∆,J ]
c∆1,∆2,[∆,J ] B(E)∆,J(P1, P2) . (2.1)
B∆,J(P1, P2) are labeled by the scaling dimension ∆ and spin J of the conformal group
SO(1, d+ 1), which contains the contribution of the exchange primary operator O∆,J and its
infinite descendants, i. e., the entire conformal family. The expansion coefficient c∆1,∆2,[∆,J ]
is the OPE coefficient we define from the unnormalized Euclidean three-point function with
subscript E,
〈O∆1(P1)O∆2(P2)O∆,J(P3, Z3) 〉E = c∆1,∆2,[∆,J ]E∆1,∆2,[∆,J ](P1, P2, P3;Z3) , (2.2)
and the normalized three-point function,
E∆1,∆2,[∆,J ](P1, P2, P3;Z3) =
[−2P1 · C3 · P2]J
P
∆+12−∆+J
2
12 P
∆+∆−12+J
2
13 P
∆−∆−12+J
2
23
, ∆±ij = ∆i ±∆j , (2.3)
where Z3 is the polarization vector for spin. The conformally invariant separation Pij and
the gauge invariant anti-symmetric tensor CABi are given by:
Pij ≡ −2Pi · Pj , CABi ≡ ZAi PBi − PAi ZBi , i, j = 1, 2, 3 . (2.4)
As we will discuss momentarily, the OPE block B∆,J(P1, P2) acting on the vacuum state is
fixed by conformal symmetry [40, 47, 56, 62, 63].3
By using the operator-state correspondence, we can consider the so-called “Shadow Pro-
jector” [48, 62]:
|O∆,J | = 1
α∆,J α∆¯,J
1
J !(h− 1)J
∫
[DdP ]E | O˜∆¯,J(P,DZ) 〉 〈O∆,J(P,Z) | ,
∆¯ = d−∆ , h = d
2
,
(2.5)
where the subscript “E” again denotes “Euclidean”, and DZ explicitly given in (B.19) is the
embedding space lift of Todorov operator which generates the projector for symmetric trace-
less transverse (STT) tensors, and the integration measure in the embedding space is defined
to be:
[DdP ]E ≡ dP
+dP−ddP i
Vol(GL(1,R)+)
δ(−P+P− + P iP i) Θ(P 0) . (2.6)
3The determination of the OPE block would be more complicated on a general state than on the vacuum
[57, 64], as it involves four-point functions that cannot be fixed uniquely by conformal symmetry.
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In (2.5), we have also introduced the shadow operator O˜∆¯(P,Z) defined to be:
O˜∆¯,J(P,Z) ≡
1
J !(h− 1)J
∫
[DdP ′]EE[∆¯,J ](P,Z;P
′, DZ′)O∆(P ′, Z ′)
=
∫
[DdP ′]E
1
(−2P · P ′)∆¯ O∆,J(P
′, Z · I(P ′, P )) ,
(2.7)
where we introduced the rank-two tensor:
IAB(P ′, P ) ≡ δAB + 2P
′
APB
(−2P · P ′) , (2.8)
satisfies the properties:
PA IAB(P ′, P ) = IAB(P ′, P )P ′B = 0 , IAC(P ′, P ) ICB(P ′, P ) = IAB(P ′, P ) . (2.9)
Finally in (2.7), we have also introduced the normalized two-point function for the symmetric
trace-less tensor primary fields:
E[∆,J ](P,Z; P˜ , Z˜) =
[(Z · Z˜)(−2P · P˜ ) + 2(P · Z˜)(P˜ · Z)]J
(−2P · P˜ )∆+J
=
[Z · I(P˜ , P ) · Z˜]J
(−2P · P˜ )∆ .
(2.10)
In (2.5), the symmetric factor J !(h−1)J comes from the tensor contraction convention in [12],
while α∆,J (and α∆¯,J) are fixed by the invariance under repeated shadow transformations to
be:4
α∆,J ≡ 2d−2∆ pih (∆− 1)J Γ(h−∆)
Γ(∆ + J)
. (2.11)
For later purpose, let us also write down here the spinning bulk to boundary propagator in
AdS space:
K[∆,J ](X,Z; P˜ , Z˜) =
[(W · Z˜)(−2X · P˜ ) + 2(X · Z˜)(P˜ ·W )]J
(−2X · P˜ )∆+J
=
[W · J (P˜ ,X) · Z˜]J
(−2X · P˜ )∆ ,
(2.12)
where
JAB(P˜ ,X) ≡ δAB + 2P˜AXB
(−2X · P˜ ) , (2.13)
4Our normalization differs from the one in [17] but will be simpler when we consider momentum space
shadow projector in the next section.
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satisfies the properties:
XAJAB(P˜ ,X) = JAB(P˜ ,X)P˜B = 0 , JAC(P˜ ,X)J CB(P˜ ,X) = JAB(P˜ ,X) . (2.14)
Moreover IAB(P ′, P˜ ) and JAB(P ′, X) satisfy the interesting properties:
IAC(P ′, P˜ )J CB(P ′, X) = IAB(P ′, P˜ ) , JAC(P ′, X) ICB(P ′, P˜ ) = JAB(P ′, X) . (2.15)
Notice that we can introduce the following differential operators
DAP = Z
A
(
Z · ∂
∂Z
)
− CAB ∂
∂PB
, CAB = ZAPB − PAZB ,
DAX = W
A
(
W · ∂
∂W
)
−BAB ∂
∂XB
, BAB = WAXB −XAWB,
(2.16)
to relate both spinning two-point function (2.10) and bulk to boundary propagator (2.12) to
the scalar ones:
E[∆,J ](P,Z; P˜ , Z˜) =
1
(∆)J
[Z˜ ·DP ]JE[∆,0](P ; P˜ ) =
1
(∆)J
[Z ·DP˜ ]JE[∆,0](P ; P˜ ) ,
K[∆,J ](X,W ; P˜ , Z˜) =
1
(∆)J
[Z˜ ·DX ]JK[∆,0](X; P˜ ) =
1
(∆)J
[W ·DP˜ ]JK[∆,0](X; P˜ ) .
(2.17)
We will use these spin differential operators to give an alternative derivation of integral
representation of the bulk tensor field momentarily.
2.2 Holographic dual of Euclidean OPE blocks
To obtain the holographic configuration of the spinning OPE block (2.1), let us first contract
it with the shadow projector (2.5), and we can express it as:
c∆1,∆2,[∆¯,J ] B
(E)
∆,J(P1, P2)
=
1
α∆,J α∆¯,J
1
J !(h− 1)J
∫
[DdP0]E 〈O∆1(P1)O∆2(P2) O˜∆¯,J(P0, DZ0) 〉EO∆,J(P0, Z0) ,
(2.18)
where we have introduced the Euclidean scalar-scalar-shadow three-point function [57]:
〈O∆1(P1)O∆2(P2) O˜∆¯,J(P0, Z0) 〉E = c∆1,∆2,[∆¯,J ] γ∆,J E∆1,∆2,[∆¯,J ](P1, P2, P0;Z0) , (2.19)
and the coefficient γ∆,J is given by
5
γ∆,J =
1
κ∆¯,J
Γ
(
δ¯±12 + J
)
Γ
(
δ±12 + J
) , κ∆,J = Γ(∆ + J)
pih (d−∆− 1)J Γ(h−∆) , (2.20)
5We use the shorthand notation, Γ (x± y) ≡ Γ (x+ y) Γ (x− y).
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with the parameters
δ±12 =
τ ±∆−12
2
, δ¯±12 =
τ¯ ±∆−12
2
, τ = ∆− J , τ¯ = ∆¯− J . (2.21)
Note that κ∆,J and κ∆¯,J satisfy the relation:
6
κ∆,J κ∆¯,J =
1
α∆,J α∆¯,J
. (2.22)
The normalization constant γ∆,J appeared in the Euclidean three-point function involving
shadow operator agrees with (D.20) in [65] where the coefficient is denoted by S∆1,∆2[∆,J ] . We
obtain the expression for the spinning OPE block:
B(E)∆,J(P1, P2) =
γ∆,J
α∆,J α∆¯,J
1
J !(h− 1)J
∫
[DdP0]EE∆1,∆2,[∆¯,J ](P1, P2, P0;DZ0)O∆,J(P0, Z0) ,
(2.23)
which is fixed kinematically and is our starting point for its holographic interpretation.
Applying the standard Feynman parametrization to the P0-dependent part in the de-
nominator of the three-point function, we find
1
P
∆¯+∆−12+J
2
10 P
∆¯−∆−12+J
2
20
= B−1
(
δ¯+12 + J, δ¯
−
12 + J
) ∫ 1
0
du
u(1− u)
uδ¯
+
12+J (1− u)δ¯−12+J
(uP10 + (1− u)P20)∆¯+J
= 2 B−1
(
δ¯+12 + J, δ¯
−
12 + J
) 1
(P12)
∆¯+J
2
∫ ∞
−∞
dλ eλ∆
−
12
1
(−2X(λ) · P0)∆¯+J
,
(2.24)
where B(x, y) is the Beta function and B−1(x, y) = 1/B(x, y) and we make a change of variable
u =
1
1 + e−2λ
, (2.25)
in the second equality. Interestingly, the combined coordinate above:
γ12 : X
A(λ) ≡ e
λPA1 + e
−λPA2
P
1
2
12
, X(λ)2 = −1 , (2.26)
naturally exists in (d+ 1)-dimensional AdS space. More precisely, we can regard λ as the line
parameter for the AdS-geodesic γ12 connecting boundary points P1 and P2 [19].
7 Substituting
6Note that κ∆,J here can be related to the normalization constant k∆,J in the shadow transformation in
[17] by κ∆,J =
k∆,J
pih
.
7In physical space, P12 = (x1 − x2)2 ≥ 0 so P 1/212 = |x1 − x2|.
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(2.24) back into (2.18), the spinning OPE block becomes
B(E)∆,J(P1, P2) =
2 γ∆,J
α∆,J α∆¯,J
1
J !(h− 1)J B
−1 (δ¯+12 + J, δ¯−12 + J)
×
∫ ∞
−∞
dλ
eλ∆
−
12
P
∆+12
2
+J
12
∫
[DdP0]E
[−2P1 · C0 · P2]J |Z0→DZ0
(−2X(λ) · P0)∆¯+J
O∆,J(P0, Z0)
= 2κ∆,J N12,[∆,J ] Γ(∆¯ + J)
1
J !(h− 1)J
∫
[DdP0]E
×
∫ ∞
−∞
dλ
1
(−2P1 ·X(λ))∆1(−2P2 ·X(λ))∆2
[V0,12]
J |Z0→DZ0
(−2P0 ·X(λ))∆¯+J
O∆,J(P0, Z0) ,
(2.27)
where we simplify the coefficient in the second equality by introducing a frequently appearing
constant in the following sections by
N12,[∆,J ] ≡
1
Γ
(
δ±12 + J
) . (2.28)
In (2.27), we have also introduced a gauge invariant tensor structure [12]:
V0,12 ≡ P1 · C0 · P2
P1 · P2 =
−2P1 · C0 · P2
P12
, (2.29)
which is the unique combination for scalar-scalar-tensor three-point function. In the limit of
J = 0, if we further identify:
Φ
(E)
∆,0(X) =
∫
[DdP0]EK[∆¯,0](X,P0)O∆,0(P0) , (2.30)
as the so-called HKLL integral representation of the bulk scalar field given in [66], we can
rewrite (2.27) as:
B(E)∆,0(P1, P2) = 2κ∆,0N12,[∆,0] Γ(∆¯)
1
P
∆+12
2
12
∫ ∞
−∞
dλ eλ∆
−
12 Φ
(E)
∆,0(X(λ)) . (2.31)
This reduces to the euclidean version of the proposal for the holographic scalar OPE block
given in [41, 67] up to an overall normalization constant, and we can interpret it as restricting
a scalar HKLL bulk field to move along the AdS-geodesic γ12. Moreover in the last equality of
(2.27), we also made it clear that the three-point scalar correlation function can be reproduced
by a three-point scalar geodesic Witten diagram.
For arbitrary J , we can consider the identity along the geodesic γ12:
V0,12 = −dX(λ)
dλ
· C0 ·X(λ) , (2.32)
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and express (2.27) as:
B(E)∆,J(P1, P2) = 2κ∆,J N12,[∆,J ] Γ(∆¯ + J)
∫ ∞
−∞
dλ
Φ
(E)
∆,J
(
X(λ), dX(λ)dλ
)
(−2P1 ·X(λ))∆1(−2P2 ·X(λ))∆2
= 2κ∆,J N12,[∆,J ] Γ(∆¯ + J)
1
J !(h− 1)J
∫ ∞
−∞
dλ eλ∆
−
12
[
dX(λ)
dλ
·K
]J
Φ
(E)
∆,J(X(λ),W )
= 2κ∆,J N12,[∆,J ] Γ(∆¯ + J)
1
P
∆+12
2
12
∫ ∞
−∞
dλ eλ∆
−
12 Φ
(E)
∆,J
(
X(λ),
dX(λ)
dλ
)
.
(2.33)
In above we have introduced the AdS spin projectorKA (B.20) and the spinning generalization
of the HKLL bulk field [43, 44, 66]:
Φ
(E)
∆,J(X,W ) ≡
1
2JJ !(h− 1)J
∫
[DdP0]EK[∆¯,J ](X,P0;W,DZ0)O∆,J(P0, Z0)
=
1
2J
∫
[DdP0]E
1
(−2P0 ·X)∆¯
O∆,J(P0,W · J (P0, X))
=
1
2J
∫
[DdP0]E
1
(−2P0 ·X)∆¯
(W · J (P0, X))A1 · · · (W · J (P0, X))AJOA1···AJ∆ (P0) ,
(2.34)
where we use JAB(P,X) defined in (2.13). Notice that the effective boundary polarization
vector
(W · J (P0, X))A = WA +
2W · P0
(−2X · P0) XA (2.35)
is manifestly invariant under bulk gauge transformation WA → WA + αXA. Moreover this
expression (2.34) clearly satisfies the equation of motion for a spin-J field in the AdS bulk.
The natural interpretation of (2.33) is therefore that we are considering the pull-back of the
rank-J AdS-tensor field Φ
(E)
∆,J(X,W ) moving along the geodesic γ12, which is in completely
agreement with the scalar case (see Fig. 1).
Here we note that an alternative way of deriving the integral representation (2.34) is
to start with the differential operators constructed in (2.16) and the following well-known
conformal integral:
Γ(∆¯)
pihΓ(∆¯− h)
∫
[DdP0]E
1
(−2P0 ·X)∆¯
1
(−2P˜ · P0)∆
=
(−X2)h−∆¯
(−2P˜ ·X)∆ , (2.36)
where XA is an arbitrary vector with non-vanishing norm in the embedding space R1,d+1 [48].
This implies that by setting XA to be AdS embedding coordinate in (2.36) and repeatedly
acting with DAP , we can obtain the following integral relation between the normalized spinning
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Figure 1. The holographic description of the OPE block. The orange dashed curve represents the
bulk geodesic γ12 connecting the boundary points P1 and P2, on which the spinning bulk field Φ
(E)
∆,J
is smeared. The black lines are the scalar bulk to boundary propagators K[∆,0] to the point X(λ) on
the geodesic.
bulk to boundary propagator and two-point function:
1
(∆)J
DA1
P˜
. . . DAJ
P˜
K[∆,0](P˜ ,X)
=
1
(∆)J
DA1
P˜
. . . DAJ
P˜
Γ(∆¯)
pihΓ(∆¯− h)
∫
[DdP0]E
1
(−2P0 ·X)∆¯
E[∆,0](P˜ , P0)
=
Γ(∆¯)
pihΓ(∆¯− h)
∫
[DdP0]E
1
(−2P0 ·X)∆¯
(Z˜ · I(P0, P˜ ))A1 · · · (Z˜ · I(P0, P˜ ))AJ
(−2P0 · P˜ )∆
=
Γ(∆¯)
pihΓ(∆¯− h)
∫
[DdP0]E
1
(−2P0 ·X)∆¯
(Z˜ · I(P0, P˜ ) · J (P0, X))A1 · · · (Z˜ · I(P0, P˜ ) · J (P0, X))AJ
(−2P0 · P˜ )∆
.
(2.37)
Here in the last line we have used the identity (2.15), i. e., IAC(P0, P˜ )J BC (P0, X) = IAB(P0, P˜ ),
this allows us to directly covariantize the primary operator O∆,B1,...,BJ (P0) and make the fol-
lowing identification:
Φ
(E)A1...AJ
∆ (X) ∝
∫
[DdP0]E
1
(−2P0 ·X)∆¯
J A1B1(P0, X) . . .J AJBJ (P0, X)O∆,B1...BJ (P0) .
(2.38)
We can then recover (2.34) by contracting with the bulk polarization vector WA. We notice
that the additional tensor terms generated in (2.38) all contain explicit PA0 dependences due
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Figure 2. The geodesic Witten diagram as two-point function of the OPE blocks. The dashed black
line represents the bulk to bulk propagator of the spinning bulk field from a point on γ12 to another
on γ34.
to covariantization, which all vanish when projected onto physical space and can be regarded
as the equivalence class of the embedding space tensor, however these additional terms are
necessary to preserve the invariance under the shift WA →WA + αXA.
This interpretation of spinning OPE block (2.33) as the pullback of the bulk tensor field
along the geodesic also implies we can use the last line of (2.34) to express the correlation
function among two of them as:
〈 B(E)∆,J(P1, P2)B(E)∆,J(P3, P4) 〉
=
(
2κ∆,J Γ(∆¯ + J)
)2 N12,[∆,J ]N34,[∆,J ]
×
∫ ∞
−∞
dλ
∫ ∞
−∞
dλ′
〈
Φ
(E)
∆,J
(
X(λ), dX(λ)dλ
)
Φ
(E)
∆,J
(
X˜(λ′), dX˜(λ
′)
dλ′
)〉
E
(−2P1 ·X(λ))∆1(−2P2 ·X(λ))∆2(−2P3 · X˜(λ′))∆3(−2P4 · X˜(λ′))∆4
.
(2.39)
Identifying the pull-back of the spinning bulk to bulk propagator onto the geodesics γ12
and γ34, we precisely obtain the four-point spinning geodesic Witten diagram up to overall
constants [19, 49] (see Fig. 2).8 This is again consistent with the proposal [42] for the scalar
case for constructing scalar conformal block from two-point function of the scalar OPE blocks.
8Note that the bulk propagator is of Wightman type [68] in Lorentzian case.
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2.3 Differential representation of three-point function
In this subsection, we derive an alternative representation of the holographic spinning OPE
block based on the spin differential operators. This representation will be particularly useful
for performing the Fourier transformation, which in turn allows us to consider the Lorentzian
OPE block in momentum space in the subsequent sections. One should note that its physical
space projection already appeared in the early CFT literature such as [47].
Let us first expand the numerator of the normalized three-point function (2.3) into the
following summation:
E∆1,∆2,[∆¯,J ](P1, P2, P3;Z3) =
1
[(P1 − P2)2]
∆+12−τ¯
2
J∑
r=0
(
J
r
)
(Z3 · P1)r
[(P1 − P3)2]δ¯+12+r
(−Z3 · P2)r
[(P2 − P3)2]δ¯−12+J−r
,
(2.40)
where the parameters δ¯±12 are defined by (2.21) and we have deliberately taken Pi off the light-
cone as we will differentiate with respect to them, and only impose the lightcone condition,
the fact that (Pi − Pj)2 = −2Pi · Pj , at the end. This allows us to use the simple differential
identity:
1
(a)r
(
Z3 · ∂
∂Pi
)r 1
[(Pi − P3)2]a =
(−2Z3 · Pi)r
[(Pi − P3)2]a+r , i = 1, 2 , (2.41)
to rewrite the summation into:
E∆1,∆2,[∆¯,J ](P1, P2, P3;Z3)
=
1
[(P1 − P2)2]
∆+12−τ¯
2
DJ
(
δ¯+12, Z3 · ∂∂P1 ; δ¯−12, Z3 · ∂∂P2
)
2J(δ¯+12)J(δ¯
−
12)J
1
[(P1 − P3)2]δ¯+12
1
[(P2 − P3)2]δ¯−12
,
(2.42)
where the combined differential operator is defined through the following summation:
DJ(a, λ; b, µ) ≡ J ! (λ+ µ)J P (a−1,b−1)J
(
µ− λ
µ+ λ
)
=
J∑
r=0
(
J
r
)
(a+ r)J−r (b+ J − r)r (−λ)r µJ−r
=
(a)J
2J
J∑
r=0
(−J)r (a+ b+ J − 1)r
(a)r r!
2F1(1− b− J, r − J ; a+ r;−1) (λ− µ)r (λ+ µ)J−r ,
(2.43)
where P
(a,b)
J (x) is the degree-J Jacobi polynomial and 2F1(a, b; c; z) is Gauss Hypergeometric
function.
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Notice that when we project (2.42) into physical space, we recover:
E∆1,∆2,[∆¯,J ](x1, x2, x3; z3) =
1
(x212)
∆+12−τ¯
2
DJ
(
δ¯+12, z3 · ∂∂x1 ; δ¯−12, z3 · ∂∂x2
)
2J
(
δ¯+12
)
J
(
δ¯−12
)
J
[
1
(x213)
δ¯+12(x223)
δ¯−12
]
,
(2.44)
which is precisely the differential representation of three-point function given in [47], and
we can thus regard (2.42) as its embedding space lift and our simple computation as its
derivation. Although the differential representation of three-point function given in (2.42)
and (2.44) might seem unfamiliar, it is indeed useful when we consider the Fourier transform
with respect to x3. To conclude, if we substitute (2.42) into the OPE block, and perform the
similar Feynman reparametrization as before we find:
B(E)∆,J(P1, P2) =
1
J !(h− 1)J κ∆,J N12,[∆,J ] Γ(τ¯)
× 1
P
∆+12
2
12
D˜J
(
δ¯+12, DZ3 ·
∂
∂P1
; δ¯−12, DZ3 ·
∂
∂P2
)∫ ∞
−∞
dλ eλ∆
−
12
∫
[DdP3]E
O∆,J(P3, Z3)
[−2P3 ·X(λ)]τ¯ ,
(2.45)
where the transformed differential operator is
D˜J
(
δ¯+12, DZ3 ·
∂
∂P1
; δ¯−12, DZ3 ·
∂
∂P2
)
= P
τ¯
2
12DJ
(
δ¯+12, DZ3 ·
∂
∂P1
; δ¯−12, DZ3 ·
∂
∂P2
)
P
− τ¯
2
12 .
(2.46)
Notice that the P3-dependent integral in (2.45) is no longer conformal, the conformality is
only restored after the action of the transformed differential operator D˜J . Compared with
(2.33), we thus have an alternative representation of the pull-back of the HKLL tensor field
Φ
(E)
∆,J(X,W ) along the geodesic γ12:
Φ
(E)
∆,J
(
X(λ),
dX(λ)
dλ
)
=
Γ(τ¯)
2 Γ(∆¯ + J)
1
J !(h− 1)J D˜J
(
δ¯+12, DZ3 ·
∂
∂P1
; δ¯−12, DZ3 ·
∂
∂P2
) ∫
[DdP3]E
O∆,J(P3, Z3)
[−2P3 ·X(λ)]τ¯ .
(2.47)
While the gauge invariance in the bulk embedding space is not manifest, this expression is
equivalent to (2.34) and is better suited for comparing with the Lorentzian OPE block in
section 4.
3 Lorentzian OPE block in momentum space
We have studied the OPE blocks in Euclidean CFT using the embedding space formalism
and derived the unique holographic description as the pull-back of the appropriately defined
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integral representation of the bulk field along the geodesics. However, in Lorentzian CFT’s,
there are generally two types of the OPE blocks depending on whether the two external
primary operators are space-like or time-like separated. The Lorentzian OPE block should
be an appropriate analytic continuation of the Euclidean OPE block (2.18), so it would be
natural to assume that it takes the same form as in the Euclidean case:
B(L)∆,J(x1, x2) =?
∫
[ddy]L 〈O1(x1)O2(x2) O˜∆¯,J(y, dz) 〉O∆,J(y, z) . (3.1)
While this expression appears to be a unique choice of conformal integral for reproducing the
OPE structure, there remain several subtleties to make it well-defined. Firstly, it is not clear
which type of the correlation function should be used in (3.1) as there are a few types of three-
point functions such as time-ordered and Wightman functions in Lorentzian case. Secondly,
there is no reason to have the same integration range in (3.1) as in the Euclidean case. Indeed
there exists a natural space-time region for a pair of time-like separated operators, to which
the Lorentzian OPE block can be associated [42, 59]. Resolving these ambiguities carefully
will also lead us to the generalizations of the HKLL integral representation of the spinning
bulk field (2.34) in different Lorentzian settings.
To elucidate these subtleties we will give a complimentary derivation of the Lorentzian
OPE blocks by starting with the momentum space shadow formalism. In order to facilitate
the momentum space formalism, in this section we will also represent various quantities in
physical space coordinates wherever appropriate, their relations with the embedding space
coordinates used in previous section are also summarized in (A.8). This section is written
independently from the others and the main result is the reproduction of the well-known
result (3.26) in old literature [40, 47, 55–57]. The busy reader can skip to the next section
and come back if necessary.
3.1 Momentum space projector
In Euclidean CFT the OPE block was defined through the shadow projector (2.5) in the em-
bedding space. In Lorentzian CFT it is more pleasing to represent the projector in momentum
space to make manifest the positivity of the Hilbert space [53, 54, 69]. To construct the pro-
jector in momentum space, let us define the momentum eigenstate of symmetric traceless
primary as follows,
| O∆,J(p, z) 〉 ≡
∫
[ddx]L e
i p·xO∆,J(x0 + i , xi, z) |0〉 , (3.2)
where we have integration measures over d-dimensional Euclidean Rd and Minkowski space-
time R1,d−1:
[ddx]E = d
dxi , i = 1, . . . , d ,
[ddx]L = d
dxµ , µ = 0, . . . , d− 1 , (3.3)
– 16 –
and (3.2) has support on the future lightcone. Here we denote the coordinate x with subscript
L to emphasize that we are now in Lorentzian space-time. These states spans an orthogonal
basis and its norm is given by
〈O∆,J(p1, z1) | O∆,J(p2, z2) 〉 = (2pi)d δ(d)(p1 + p2)W[∆,J ](p2; z1, z2) , (3.4)
where we take 〈O(p) | = | O(−p) 〉† and W[∆,J ](p) is the Fourier transform of the two-point
Wightman function (see appendix B for the derivation and explicit form).9 In momentum
space the state of the shadow operator is defined by
| O˜∆¯,J(p) 〉 ≡W[∆¯,J ](p) | O∆,J(p) 〉 . (3.5)
Here we use the shorthand notation for the spin indices, so (3.5) should be read as
| O˜∆¯,J(p, z) 〉 ≡
1
J ! (h− 1)J W[∆¯,J ](p; z, dz
′) | O∆,J(p, z′) 〉 . (3.6)
with the Todorov operator dz in physical space (B.17). We will keep using this notation
throughout this paper to suppress the dependence of the physical space polarization vector
zµ. Note that given the normalization for the shadow transformation in momentum space,
acting on O∆,J(p) with shadow transformation twice yields
˜˜O∆,J(p) = C∆,J C∆¯,J O∆,J(p) , (3.7)
where the normalization constant C∆,J is closely related to α∆,J in previous section and is
defined in (B.15). This is due to the relation W[∆,J ](p)W[∆¯,J ](p) = C∆,J C∆¯,J Θ(p
0) Θ(−p2)
derived in (B.16), which means we can regard the shadow Wightman function W[∆¯,J ](p) as
the inverse of W[∆,J ](p) in momentum space. Moreover, the two-point function of the shadow
operators has a different norm from (3.4):
〈 O˜∆¯,J(p1, z1) | O˜∆¯,J(p2, z2) 〉 = C∆,J C∆¯,J (2pi)d δ(d)(p1 + p2)W[∆¯,J ](p2; z1, z2) . (3.8)
Given these states, the projector in momentum space can be written as
1 = |0〉〈0|+
∑
∆,J
1
C∆,J C∆¯,J
∫
[Ddp]L | O˜∆¯,J(−p) 〉 〈O∆,J(p) | , (3.9)
where we again suppress the spin indices in | O˜∆¯,J(−p) 〉 〈O∆,J(p) | and have defined the
momentum space measure:
[Ddp]L ≡ d
dp
(2pi)d
Θ(p0) Θ(−p2) . (3.10)
9A general comment on the notations. In this section, we start introducing the notations such as
E∆1,∆2,[∆,J](x1, x2, x3) and E∆1,∆2,[∆,J](x1, x2, p) for the Euclidean correlation functions in both position
and momentum spaces to highlight the subsequent analytic continuation into Lorentzian space-time. Simi-
larly we use W∆1,∆2,[∆,J](x1, x2, x3) and W∆1,∆2,[∆,J](x1, x2, p) to denote the position and momentum space
Wightman functions. We also omit the inclusion of polarization vector z when it is contracted.
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One can easily confirm that (3.9) gives the correct projector if we insert this completeness rela-
tion between the Wightman two-point functionW[∆,J ](x, z1; 0, z2) = 〈O∆,J(x, z1)O∆,J(0, z2) 〉
and use (B.16). We also emphasize that the momentum space shadow projector defined in
(3.9) however does not have the shadow contribution as opposed to the Euclidean shadow
projector in position space.10 The step function inside the momentum integral guarantees
that correlation functions including the momentum projector are of the Wightman type.
3.2 Lorentzian OPE block
Adopting the projector (3.9) in momentum space, we obtain the following form of the OPE
block,
B(L)∆,J(x1, x2) =
1
C∆,J C∆¯,J
∫
[Ddp]LW∆1,∆2,[∆,J ](x1, x2,−p)W[∆¯,J ](−p)O∆,J(p) . (3.14)
Here W∆1,∆2,[∆,J ](x1, x2,−p) is the Wightman three-point function in given order obtained
from the Euclidean correlator E∆1,∆2,[∆,J ](x1, x2,−p) with the exchanged primary operator
Fourier transformed. We will now proceed to obtain an explicit expression ofW∆1,∆2,[∆,J ](x1, x2,−p)
by performing an analytic continuation from the Euclidean space carefully.
The Wightman three-point function in physical space is defined as follows:
W∆1,∆2,[∆,J ](xi; z) = 〈0| O∆1(x1)O∆2(x2)O∆,J(x3, z) |0〉 ≡ limi→0E∆1,∆2,[∆,J ](xi, ix
0
i + i; z) ,
(3.15)
with the condition 1 > 2 > 3 > 0 . To obtain the partially Fourier transformed expression,
we start with the Euclidean three-point function in momentum space and then analytically
continue to the Lorentzian signature. The partially Fourier transformed Euclidean three-point
function can be derived from the differential representation of the normalized three-point
10The Lorentzian momentum projector may be obtained by analytic continuation from the Euclidean shadow
projector (2.5) written in momentum space,
|O∆,J | = 1
α∆,J α∆¯,J
∫
[Ddp]E | O˜∆¯,J(−p) 〉 〈O∆,J(p) | , | O˜∆¯,J(p) 〉 ≡ E∆¯,J(p) | O∆,J(p) 〉 , (3.11)
with the states satisfying
〈O∆,J(p1, z1) | O∆,J(p2, z2) 〉 = (2pi)d δ(d)(p1 + p2)E[∆,J](p2; z1, z2) . (3.12)
Taking into account the difference of the normalization between the Euclidean and Wightman two-point
functions given in appendix B, the analytic continuation amounts to the following replacement:
[Ddp]E → [Ddp]L , E[∆,J] →W[∆,J] , α∆,J → C∆,J . (3.13)
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function (2.44) with the help of the integral identity (A.3):
E∆1,∆2,[∆,J ](x1, x2,−p; z3) =
∫
[ddx3]EE∆1,∆2,[∆,J ](x1, x2, x3; z3) e
i p·x3
=
pih
2J−1
N12,[∆,J ]
(x212)
∆+12−τ
2
DJ
(
δ+12, z3 · ∂1; δ−12, z3 · ∂2
)( p2
4x212
) τ−h
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1ei p·(ux1+(1−u)x2)Kh−τ
(√
u(1− u) p2 x212
)
,
(3.16)
where we use the parameters given in (2.21) and (2.28). DJ is the J-th order differential
operator defined in (2.43), and Kν(z) is the Bessel-K function. The Schwinger parameter u
here is related to the parameter λ introduced in (2.24) in the previous section by the relation
(2.25). Employing the relation between Bessel functions,
Kν(z) =
pi
2 sinpiν
(I−ν(z)− Iν(z)) , (3.17)
the Fourier transformed three-point function E∆1,∆2,[∆,J ](x1, x2,−p; z3) can be further de-
composed into the following expression:
E∆1,∆2,[∆,J ](x1, x2,−p) =
pih+1N12,[∆,J ]
2J sin (pi(h− τ))
[
Q∆1,∆2,[∆,J ](x1, x2,−p)
− κ∆,J E[∆,J ](−p)Q∆1,∆2,[∆¯,J ](x1, x2,−p)
]
,
(3.18)
where the additional E[∆,J ](−p) is the Euclidean two-point function in momentum space given
in appendix B. Restoring the polarization vector, the Q-kernel is defined by:
Q∆1,∆2,[∆,J ](x1, x2,−p; z3)
= − 1
(x212)
∆+12−τ
2
DJ
(
δ+12, z3 · ∂1; δ−12, z3 · ∂2
)( p2
4x212
) τ−h
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1ei p·(ux1+(1−u)x2)Ih−τ
(√
u(1− u) p2 x212
)
.
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In deriving (3.18) we used a non-trivial identity (see (A.12) in [57] for the derivation):
(x212)
τ
2 DJ
(
δ+12, z · ∂1; δ−12, z · ∂2
) ( p2
4x212
) τ−h
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1ei p·x(u)Iτ−h
(√
u(1− u) p2 x212
)
= κ∆,J (x
2
12)
τ¯
2
1
J !(h− 1)J E[∆,J ](p; z, dz
′)DJ
(
δ¯+12, z
′ · ∂1; δ¯−12, z′ · ∂2
) ( p2
4x212
) τ¯−h
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1ei p·x(u)Ih−τ¯
(√
u(1− u) p2 x212
)
.
(3.19)
Next let us move on to the Wightman function by analytically continuing (3.18) into
Lorentzian space-time. Its Fourier transform in x follows from the analytic continuation of
the Euclidean correlation function:
W∆1,∆2,[∆,J ](x1, x2, x; z) = limi→0
∫
dd−1p
(2pi)d−1
eip·x
∫ ∞
−∞
dpd
2pi
e−p
d(x0−i 3)E∆1,∆2,[∆,J ](x1, x2, p; z) .
(3.20)
Here we have singled out the pd-integral and as it decays exponentially in the upper half
plane, we can deform the contour to wrap the cut along the positive imaginary axis, which
gives us the discontinuity. Notice that the Q-kernel defined in (3.19) is an entire analytic
function of p [47, 57], such that E∆1,∆2,[∆,J ](x1, x2, p; z) inherits the same branch cut from
the two-point function E[∆,J ](−p). We thus obtain:
W∆1,∆2,[∆,J ](x1, x2, x; z)
= −i lim
i→0
∫
dd−1p
(2pi)d−1
eip·x
∫ ∞
0
dp0
2pi
e−i p
0(x0−i 3) DiscE∆1,∆2,[∆,J ](x1, x2, p; z)|pd→i p0 ,
(3.21)
where we denote the discontinuity as Disc f(x) ≡ f(x + i 0) − f(x − i 0) and it is explicitly
defined by
DiscE∆1,∆2,[∆,J ] = E∆1,∆2,[∆,J ](x1, x2,p, p
0 + i 0; z)− E∆1,∆2,[∆,J ](x1, x2,p, p0 − i 0; z) .
(3.22)
It is easy to see that DiscQ∆1,∆2,[∆,J ](x1, x2, p; z3) = 0, i. e., it is analytic from the definition
of the Q-kernel (3.19) as the Bessel function has the series expansion
Iν(x) = i
−νJν(ix) =
(x
2
)ν ∞∑
m=0
1
m! Γ(m+ ν + 1)
(x
2
)2m
, (3.23)
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and the Q-kernel has a series expansion with respect to p2 with non-negative integer powers.
Hence from the split expression (3.18) we have
DiscE∆1,∆2,[∆,J ](x1, x2, p) = −
pih+1 κ∆,J N12,[∆,J ]
2J sin (pi(h− τ)) Q∆1,∆2,[∆¯,J ](x1, x2, p) DiscE[∆,J ](p)
= −i pi
h+1 κ∆,J N12,[∆,J ]
2J sin (pi(h− τ)) Q∆1,∆2,[∆¯,J ](x1, x2, p)W[∆,J ](p) ,
(3.24)
where we use the fact that the Wightman two-point function can be given by W∆,J(p) =
−i DiscE∆,J(p). Plugging into (3.21) gives
W∆1,∆2,[∆,J ](x1, x2, x) =
∫
[ddp]L
(2pi)d
ei p·xW∆1,∆2,[∆,J ](x1, x2, p)
=
∫
[ddp]L
(2pi)d
ei p·x
[
−pi
h+1 κ∆,J N12,[∆,J ]
2J sin (pi(h− τ)) Q∆1,∆2,[∆¯,J ](x1, x2, p)W∆,J(p)
] ∣∣∣∣
pd→i p0
,
(3.25)
which allows us to identify directly the momentum space three-point Wightman function
W∆1,∆2,[∆,J ](x1, x2, p). Finally by substituting (3.25) into (3.14) and using (B.16) to simplify,
we obtain an explicit expression of the Lorentzian OPE block:
B(L)∆,J(x1, x2) = −
pih+1 κ∆,J N12,[∆,J ]
2J sin (pi(h− τ))
∫
[Ddp]LQ∆1,∆2,[∆¯,J ](x1, x2,−p)O∆,J(p)
∣∣
pd→i p0 .
(3.26)
This reproduces the result derived long time ago for the momentum space representation of
OPE block in [40, 47, 55–57]. We will use this particular representation in the subsequent
sections to consider when the external points x1,2 are space-like and time-like respectively.
4 Space-like OPE block
Starting with the integral representation (3.26) given in momentum space, we will derive a
holographic description of the Lorentzian OPE block for a pair of space-like separated points
x1 and x2 with x
2
12 > 0. The resulting expression is the analytic continuation of the Euclidean
OPE block (2.33) with Φ
(E)
∆,J replaced with an HKLL-type higher spin field Φ
(L)
∆,J propagating
along the geodesic in Lorentzian AdS space-time.
4.1 Scalar OPE block
When the two operators are space-like separated, x212 > 0, one can use the same Feynman
parametrization (2.24) as in the Euclidean case since the geodesic coordinate X(λ) defined by
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(2.26) is still well-defined as P
1
2
12 = (x
2
12)
1
2 remains real. It is located on the geodesic γ12 con-
necting the two boundary points P1 and P2 in the Lorentzian AdS space-time as parametrized
in (2.26). We will begin with the scalar case to illustrate how to rewrite the Lorentzian OPE
block in momentum space into the form facilitating the holographic interpretation.
Let us consider the scalar block, where the Q-kernel gets simplified to give
B(L)∆ (x1, x2) =
pih+1 κ∆,0N12,[∆,0]
sin (pi(h−∆))
∫
[Ddp]L
1
(x212)
∆+12−∆¯
2
(−p2
4x212
)h−∆
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1 ei p·(ux1+(1−u)x2)J∆−h
(√
−u(1− u) p2 x212
)
O∆(p) ,
(4.1)
where we use the identity
Iν(x) = i
−νJν(ix) , (4.2)
to rewrite it. As a consistency check, this is equivalent to the results of [40, 56]. To make
contact with the bulk AdS interpretation, we define the following coordinate:
xµ(u) ≡ uxµ1 + (1− u)xµ2 , η(u) ≡
√
u(1− u)x212 , (4.3)
which can be identified with the spatial and radial coordinates of the Poincare´ patch of the
Lorentzian AdSd+1 space-time. Indeed by the change of variable (2.25), these are uplifted to
the geodesic in the AdS embedding space coordinates (2.26) in the Poincare´ section:
(X+(u), X−(u), Xµ(u)) =
1
η(u)
(1, η2(u) + x2(u), xµ(u)) . (4.4)
Using these variables, the scalar OPE block becomes
B(L)∆ (x1, x2) =
pih+1 κ∆,0N12,[∆,0]
2h−∆ sin (pi(h−∆))
1
(x212)
∆+12
2
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1
×
∫
[Ddp]L e
i p·x(u)
(√
−p2
)h−∆
η(u)h J∆−h
(√
−p2 η(u)
)
O∆(p) . (4.5)
The second line of the above equation is precisely the so-called HKLL representation of the
AdS scalar operator in momentum space [43, 44, 66].
To make contact with the Euclidean result (2.31), we make the inverse Fourier transform
of (4.5) to the position space expression of the scalar block. To this end, we employ the
following derived integral representation of Jν(z) (see appendix C.2 for the derivation),
Jν(|pE|x) = 1
2νpihΓ(ν − h+ 1)
( |pE|
x
)ν ∫
|y|≤x
[ddy]E (x
2 − |y|2)ν−h ei p0t+ipE·y , (4.6)
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where pE = (p0,pE) and y = (t,y) are d-dimensional vectors in Rd with norms |pE| =√
p20 + p
2
E and |y| =
√
t2 + y2. By analytically continuing pE → +ip, we obtain the mo-
mentum vector p = (p0,p) in Lorentzian signature with the norm
11
√
−p2 =
√
p20 − p2 ≥ 0.
With this parametrization the Bessel function takes the form:
Jν
(√
p20 − p2 x
)
=
1
2νpihΓ(ν − h+ 1)
(√
p20 − p2
x
)ν ∫
|y|≤x
[ddy]E (x
2 − |y|2)ν−h ei(p0t+ip·y) .
(4.7)
Substituting this expression to (4.5) and performing the inverse Fourier transform∫
[Ddp]L e
i(p0t+ip·y)O∆(p) = O∆ (−t, iy) , (4.8)
we find the physical space representation of the scalar OPE block:
B(L)∆ (x1, x2) =
pi κ∆,0N12,[∆,0]
sin (pi(h−∆)) Γ(1− ∆¯)
1
(x212)
∆+12
2
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1
×
∫
t2+y2≤η(u)2
[ddy]E
(
η(u)
η(u)2 − t2 − y2
)∆¯
O∆ (t(u) + t, x(u) + iy) ,
(4.9)
where we denoted xµ(u) = (t(u),x(u)) and redefined t→ −t. Again the second line is exactly
the same form as the HKLL representation of the AdS scalar field derived in [43, 44, 66] (see
figure 3 for illustration):12
Φ
(L)
∆ (t,x, η) =
∫
t′2+y′2≤η2
dt′dd−1y′
(
η
η2 − t′2 − y′2
)∆¯
O∆
(
t+ t′, x + iy′
)
. (4.10)
The final result we obtained from combining the momentum space shadow projector and
analytic continuation (4.9) is a natural generalization of the work [41] which derived the scalar
OPE block in CFT2 that decomposed into the holomorphic and anti-holomorphic parts, each
of which can be regarded as CFT1 respectively. It is also easy to see that (4.9) takes the
same form as the Euclidean result (2.31) given in the embedding space coordinates up to the
signature of the metric and the integration region translates into the condition (−2P ·X) ≥ 0,
which was also valid in Euclidean case.
11Note that we use the mostly plus convention for the Lorentzian vector.
12Our normalization of the HKLL field is different from the one in [66]: ΦHKLL =
Γ(∆− h+ 1)
pihΓ(∆− d+ 1) Φour.
The overall normalization constant does not matter in our discussion, and we make a simplest choice for our
purpose.
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Figure 3. The HKLL representation of the AdS scalar field. The bulk field Φ
(L)
∆ in Lorentzian AdS
space-time is constructed by smearing a scalar primary O∆ on a region in Euclidean space with the
HKLL kernel.
4.2 OPE block for a spin-J primary operator
Let us next turn to the OPE block (3.26) for a tensor field with spin J . Using the inte-
gral representation of the Q-kernel (3.19) and the analytic continuation we find the general
expression for the spinning OPE block:
B(L)∆,J(x1, x2) =
pih+1 κ∆,J N12,[∆,J ]
2∆¯−h sin (pi(h− τ))
1
(x212)
∆+12−τ¯
2
∫ 1
0
duu
τ¯+∆−12
2
−1(1− u)
τ¯−∆−12
2
−1
∫
[Ddp]L
× 1
J ! (h− 1)J DJ
(
δ¯+12, dz · ∂1; δ¯−12, dz · ∂2
)
ei p·x(u)
(√
−p2
η(u)
)τ¯−h
Jh−τ¯
(√
−p2 η(u)
)
O∆,J(p, z) .
(4.11)
In what follows, we will use the integral representation of the modified Bessel function (4.7)
to recast the space-like OPE block into the holographic form in parallel with the scalar case.
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4.2.1 Conserved case
Before examining general cases we will work out the case with a spin-J conserved current
satisfying the conservation law in momentum space:
pµ1 O∆,µ1µ2···µJ (p) = 0 . (4.12)
When DJ acts on ei p·x(u) the resulting term always vanishes due to the conservation law
above. The remaining terms that DJ acts on is a function depending on x12 = x1 − x2,
but not on x1 + x2 which can also be understood as the direct consequence of translational
invariance. Thus we introduce new coordinates by
x+ ≡ x1 + x2 , x− ≡ x1 − x2 = x12 , (4.13)
and the derivative with respect to them by
∂± ≡ ∂1 ± ∂2
2
. (4.14)
The expansion of DJ in ∂± becomes
DJ = (−1)J (∆¯− 1)J (z · ∂−)J + · · · , (4.15)
where · · · are differential operators including ∂k+ (k ≥ 1), which vanish when acted on a
function of x− = x12.
Using the Bessel function differential identity:
∂(xνJν(ax))
∂x
= a xνJν−1(ax) , (4.16)
the second line of (4.11) takes the form:
(−1)J (∆¯− 1)J 1
J ! (h− 1)J e
i p·x(u) (u(1− u))J (x− · dz)J
(√
−p2
η(u)
)∆¯−h
Jh−∆¯
(√
−p2 η(u)
)
O∆,J(p, z)
=
(−1)J(∆¯− 1)J
2∆−hpihΓ(1− ∆¯)
1
J ! (h− 1)J (u(1− u))
J (x− · dz)J
×
∫
t2+y2≤η(u)2
[ddy]E e
−i p0(t(u)−t)+ip·(x(u)+iy) (η(u)2 − t2 − y2)−∆¯O∆,J(p, z) .
(4.17)
Putting all together we obtain the space-time representation of the spinning OPE block:
B(L)∆,J(x1, x2) =
(−1)J pi (∆¯− 1)J κ∆,J N12,[∆,J ]
sin (pi(h−∆)) Γ(1− ∆¯)
1
(x212)
∆+12
2
× 1
2J
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1 Φ(L)con, µ1···µJ (x
µ(u), η(u)) wµ1(u) · · ·wµJ (u) ,
(4.18)
– 25 –
where we introduced a new vector:
w(u)µ ≡ 2u(1− u)xµ12 =
dxµ(λ)
dλ
, (4.19)
and we have used the relation (2.25) and a bulk spin-J field constructed by13
Φ
(L)
con, µ1···µJ (x
µ, η) ≡ 1
ηJ
∫
t′2+y′2≤η2
dt′ dd−1y′
(
η
η2 − t′2 − y′2
)∆¯
O∆,µ1···µJ
(
t+ t′,x + iy′
)
.
(4.20)
Notably this is the HKLL-type representation of massless higher spin fields derived in [58].
The bulk field defined by (4.20) takes a similar form to the Euclidean higher spin field
given by (2.34). This is not a coincidence, and one can show the latter is the (Lorentzian
version of) holographic field for a general CFT operator and reduces to the former when the
dual CFT operator is conserved. We will return to explaining this point momentarily at the
end of the next subsection.
4.2.2 General spinning case
One can generalize the previous argument to a non-conserved spinning operator. To begin
with, we consider the spin-1 case where the differential operator simplifies to
D1 = z · (∆−12 ∂+ − τ¯ ∂−) . (4.21)
A straightforward calculation shows
B(L)∆, J=1(x1, x2) ∝
1
(x212)
∆+12
2
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1
×
[
−τ¯ 1
η(u)
∫
t2+y2≤η(u)2
[ddy]E
(
η(u)
η(u)2 − t2 − y2
)∆¯
w(u)µO∆,µ (t(u) + t,x(u) + iy)
+2
(
∆−12 − (2u− 1) τ¯
) ∫
t2+y2≤η(u)2
[ddy]E
(
η(u)
η(u)2 − t2 − y2
)∆¯−1
∂µO∆,µ (t(u) + t,x(u) + iy)
]
.
(4.22)
The terms in the square bracket looks similar to the reconstruction formula for a massive
gauge field given by [70] in (69), but the second term differs from theirs where ∂µOµ should
roughly be replaced by wν∂
ν∂µOµ.14 We will discuss this issue in section 6.
13We redefined t′ → −t′ in deriving this expression.
14While it is not immediately clear how to interpret the square bracket term inside (4.22) as a bulk field,
we can show the second term does not contribute to the OPE block after the u-integration. First we note
that the OPE block is invariant under the exchange of the two scalar primary operators as they are space-like
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For higher spin cases, there are at most J + 1 terms in the derivative operator DJ , hence
the same number of terms in the OPE block (4.11):
B(L)∆,J(x1, x2) =
pi κ∆,J N12,[∆,J ]
sin (pi(h− τ)) Γ(1− τ¯)
1
(x212)
∆+12
2
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1 Φ(L)∆,J (x
µ(u), η(u)) ,
(4.24)
where we define the “bulk higher spin field” Φ
(L)
∆,J with the spin indices contracted with w
µ(u),
which is schematically written as
Φ
(L)
∆,J(x
µ(u), η(u))
=
J∑
r=0
ar(u)
1
η(u)J−r
∫
t2+y2≤η(u)2
[ddy]E
(
η(u)
η(u)2 − t2 − y2
)∆¯−r
w(u)J−r ∂rO∆,J (t(u) + t,x(u) + iy) ,
(4.25)
with some ar(u)s which can be determined via explicit differentiation.
We have already seen the same type of the structure when we introduced the HKLL-
type representation of a higher spin field (2.38) in the Euclidean embedding space, where
J + 1 terms are generated by the binomial expansion of the tensor structure J AB defined by
(2.13). Indeed (4.25) should be a Lorentzian counterpart of the higher spin field (2.38) as the
Lorentzian OPE block (4.11) is obtained by the analytic continuation of the Euclidean one
(2.33). To make their relation manifest, we use an alternative representation of Φ
(L)
∆,J using the
differential operator DJ , which directly follows from the definition of the OPE block (4.11):
Φ
(L)
∆,J(x
µ(u), η(u)) =
1
2J J !(h− 1)J (x
2
12)
τ¯ DJ
(
δ¯+12, dz · ∂1; δ¯−12, dz · ∂2
)
(x212)
−τ¯
×
∫
t2+y2≤η(u)2
dtdd−1y
(
η(u)
η(u)2 − t2 − y2
)τ¯
O∆,J (t(u) + t, x(u) + iy, z) .
(4.26)
This should be compared with the differential representation of the Euclidean higher spin
field Φ
(E)
∆,J given in (2.47) and they are consistent to each other up to a constant as expected.
To summarize, we obtained two equivalent representations of higher spin fields Φ
(L)
∆,J
in Lorentzian AdS space-time, one (4.25) with J + 1 terms and the other (4.26) with the
separated. This exchange amounts to the following transformation in the right hand side of (4.22),
x1 ↔ x2 , ∆−12 ↔ −∆−12 . (4.23)
Making a change of variable u→ 1−u together with the exchange does not change the integration measure for
u and the variables η(u), x(u) and wµ(u), but flips the sign in the second term in the square bracket. Hence
the second term does not contribute and the OPE block of a non-conserved spin-1 operator reduces to the
same form as the one for conserved currents.
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differential operator DJ . The former was derived by first expanding DJ and performing
the Fourier transform afterwards, while the latter was given by pulling out DJ outside the
momentum integral and performing the Fourier transform. We also showed that Φ
(L)
∆,J is
a counterpart of the Euclidean higher spin field Φ
(E)
∆,J defined in (2.38) by comparing their
differential representations (4.26) and (2.47).
Before closing this section some comments are in order regarding the correspondence
between the Lorentzian and Euclidean fields, Φ
(L)
∆,J and Φ
(E)
∆,J :
• The Lorentzian expression (4.25) of Φ(L)∆,J reduces to the massless higher spin field Φ(L)con
of the form (4.20) when O∆,J is a conserved current,15 which is not directly manifest
in the general Euclidean expression (2.34). We can however recover the corresponding
expression from Φ
(E)
∆,J for the conserved case by first expanding the numerator of the
spinning bulk to boundary propagator in the integrand of (2.34) into a leading term
which only contains (W ·DZ0)J and independent of P0 and the remaining J terms which
contain explicit P0 dependences. As discussed in [27], we can also package the remaining
J terms into a total derivative with respect to P0. Upon substitution and integration
by part, for the conserved boundary tensor field, i. e., ∂AP0O∆,AB2...BJ (P0) = 0 with
∆ = d− 2 +J , we can drop their contributions in the boundary P0 integration, and the
surviving leading term is directly projected into (4.20). This is simply a manifestation
of the well-known AdS/CFT lore that the conservation of boundary operator implies
the gauge invariance of the dual bulk field.
• More generally for non-conserved case, there are J + 1 terms both in Φ(L)∆,J and Φ(E)∆,J ,
which arise from the expansion of the differential operator DJ and the product of J ABs
in (4.25) and (2.38) respectively. In the Euclidean expression (2.38), it is important to
keep all the J + 1 terms to maintain the invariance under the shift WA →WA + αXA
while in the Lorentzian expression, the J + 1 terms are necessary to construct a single
bulk higher spin field dual to a general spin-J CFT operator in (4.25).
5 Time-like OPE block
As the discussion of section 4 relies on the fact that x1 and x2 are space-like separated, the
result shares many similarities with the Euclidean case. For the time-like separated case
however, we need to modify the preceding discussion. A straightforward way to achieve this
is to analytically continue the space-like case to the time-like case with the i -prescription.
In section 5.1, we perform this analytic continuation and derive an integral representation
for the time-like OPE block, which is new to our best knowledge. We further recast it into a
holographic form in a similar manner to the space-like case, and find the resulting expression
15 The two fields are related by Φ
(L)
∆,J =
(−1)J (∆¯− 1)J
2J
sin (pi(h− τ)) Γ(1− τ¯)
sin (pi(h−∆)) Γ(1− ∆¯) Φ
(L)
con, µ1···µJ w
µ1 · · ·wµJ .
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can be interpreted as a bulk field smeared over a geodesic not on the AdS space-time but on
a de Sitter-like hyperboloid in R2,d.
The time-like OPE block was also considered in a different context [42, 59] and proposed
to have another holographic description known as the surface Witten diagram, which is quite
different from our result in section 5.1 in general dimensions. In order to make contact
with the surface Witten diagram, we provide an alternative derivation based on the duality
between conformal defects [60, 61] in section 5.2. Focusing on two-dimensional CFT’s, the
defect duality exchanges a pair of time-like separated points to a pair of space-like ones. Then
the time-like OPE block reduces to the space-like one, which agrees with the surface Witten
diagram in two dimensions.
Section 5.3 is supplementary, where we discuss the space-time picture of the Lorentzian
OPE block. We show that the OPE block takes the same form as the Euclidean one with
the integration range restricted to a natural causal space-time region associated with a pair
of points.
5.1 Analytic continuation from space-like separation
To employ the i -prescription appropriately, we first remark that there are two ways to an-
alytic continue from an Euclidean theory to a Lorentzian one. At the level of correlators,
these correspond to Wightman correlators and time-ordered (Feynman) correlators (see ap-
pendix B). In considering the OPE block, the order of two operators is fixed, so we should
use the Wightman-type analytic continuation for x212. To this end, without loss of generality
we consider the OPE block of the order O1O2.16 In this ordering, starting with Euclidean
time τE,i = i, the desired analytic continuation is achieved by setting τE,i = i + i ti with
1 > 2.
17 The distance x212 becomes
x2E,12 = (x1 − x2)2 + (τE,1 − τE,2)2 → x2L,12 = (x1 − x2)2 − (t1 − t2)2 + i  (t1 − t2) ,
(5.1)
where  = 1 − 2 > 0 and we take  to zero in the end. Here we again denote x212 with the
subscripts E and L to avoid confusion. With this prescription, one can confirm that the OPE
block for space-like separation is reduced to the one we obtain in the previous section.
Now we consider the time-like configuration such that x1 sits in the forward lightcone of
16We implicitly use the fact that these two operators act on vacuum in the sense that O1O2 |0〉.
17This inequality is usually required for Wightman functions to be holomorphic in the upper half plane.
Though we are now dealing with the OPE, we impose the condition so that our result should be consistent
with the Wightman function.
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x2, then the analytic continuation becomes
18
x212 = (x1 − x2)2 − (t1 − t2)2 + i  (t1 − t2)
= −{(t1 − t2)2 − (x1 − x2)2}+ i  (t1 − t2)
→ |x212| eipi .
(5.2)
The OPE block for this time-like separation follows from (3.26) with all x212s replaced to
|x212| eipi. Let us focus on the scalar OPE block as the generalization to the spinning case is a
straightforward exercise. The scalar OPE block after the analytic continuation (5.2) is given
by
B(L)∆ (x1, x2) =
pih+1 κ∆,0N12,[∆,0] e−ipi
∆+12−h
2
sin (pi(h−∆))
∫
[Ddp]L
1
(|x212|)
∆+12−∆¯
2
( −p2
4|x212|
)h−∆
2
×
∫ 1
0
duu
∆−12+h
2
−1(1− u)
h−∆−12
2
−1 ei p·(ux1+(1−u)x2)I∆−h
(√
−u(1− u)p2|x212|
)
O∆(p) .
(5.3)
Similarly to the space-like case we can define a (d+ 1)-dimensional vector as
xµ(u) = uxµ1 + (1− u)xµ2 , χ(u) =
√
u(1− u) |x212| =
√
−u(1− u)x212 , (5.4)
where χ(u) will play the analogue of radial coordinate, but now in analytic continuation of de
Sitter instead of the AdS space-time as we will shortly explain. We can perform the inverse
Fourier transform with respect to p as in the case for the space-like OPE block. The modified
Bessel function Iν(x) has a similar integral representation as the Bessel function Jν(x) as
shown in appendix C.3:
Iν(px) =
1
2νpih Γ(ν − h+ 1)
(p
x
)ν ∫
|y|≤x
[ddy]E (x
2 − y2)ν−h e−p·y . (5.5)
Following the same procedure as in the space-like case, we can rewrite the modified Bessel-I
function in (5.3) as
I∆−h
(√
p20 − p2 χ(u)
)
=
1
2∆−hpihΓ(1− ∆¯)
(√
p20 − p2
χ(u)
)∆−h
×
∫
t2+y2≤χ(u)2
[ddy]E
(
χ(u)2 − t2 − y2)−∆¯ e−p0t+ip·y . (5.6)
18For the opposite configuration, x212 → |x212| e−ipi .
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Substituting it into (5.3) and performing the inverse Fourier transform gives us the scalar
OPE block for time-like separation,
B(L)∆ (x1, x2) =
pi κ∆,0N12,[∆,0] e−ipi
∆+12−h
2
sin (pi(h−∆)) Γ(1− ∆¯)
1
|x212|
∆+12
2
∫ 1
0
duu
∆−12
2
−1(1− u)−
∆−12
2
−1
×
∫
t2+y2≤χ(u)2
[ddy]E
(
χ(u)
χ(u)2 − t2 − y2
)∆¯
O∆ (t(u) + i t,x(u) + y) .
(5.7)
This expression closely resembles the space-like OPE block (4.9) where we had the holographic
interpretation as the bulk HKLL field smeared over the geodesic connecting the boundary
points x1 and x2 in AdS space time. In the current time-like case, we wish to find a similar
interpretation of (5.7) such that the second line represent a bulk field Φ∆ along the geodesic
encoded by (xµ(u), χ(u)). To this end, we uplift the coordinates (xµ(u), χ(u)) using (2.25) to
the Lorentzian embedding space Rd,2 as:
Y (λ) =
eλP1 + e
−λP2√
2P1 · P2
, Y 2(λ) = +1 . (5.8)
It is important to notice that Y (λ) is no longer on the AdS space-time, but instead on a
hyperboloid satisfying
X2 = −X+X− + ηµν XµXν = +1 , (5.9)
with the metric ηµν = diag(−1, 1, · · · , 1) (see Fig. 4). However as in the case of the AdS
space-time we can parameterize points on this hyperboloid by
(X+, X−, Xµ) =
1
χ
(
1, x2 − χ2, xµ) , (5.10)
where χ indeed becomes the analogue of radial coordinate. This parametrization makes it
clear that the hyperboloid is an analytic continuation of de Sitter space-time in the flat slicing
as seen from the metric:
ds2 =
−dχ2 + ηµνdxµdxν
χ2
. (5.11)
It follows that Y (λ) sits on the geodesic anchored on the points P1 and P2 at χ = 0 inside
the hyperboloid.
With this in mind, we interpret the second line of (5.7) as a bulk scalar field constructed
in a similar manner to the HKLL formula, but with support on the hyperboloid (5.9) instead:
Φ
(LT)
∆ (t,x, χ) ≡
∫
t′2+y′2≤χ2
dt′dd−1y′
(
χ
χ2 − t′2 − y′2
)∆¯
O∆
(
t+ i t′,x + y′
)
. (5.12)
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Figure 4. The embeddings of the AdS space-time (X2 = −1) and the hyperboloid (X2 = 1) in R2,d.
Here the HKLL kernel is replaced with the bulk to boundary propagator in the hyperboloid
from the Euclidean region to the Lorentzian bulk point (xµ(u), χ(u)). This means that we
prepare the state | O∆(y) 〉 associated with the CFT operator O∆(y) using the Euclidean path
integral and analytically continue it to the Lorentzian space-time, letting it propagate to the
bulk point (xµ(u), χ(u)) with the propagator given in the integration kernel above as in Fig. 5.
The time-like OPE block (5.7) is obtained by smearing the constructed bulk field over the
geodesic in the hyperboloid (5.9).
5.2 Dual defect picture and surface Witten diagram in two dimensions
The key to the derivation of the time-like OPE block in the previous subsection was the
analytic continuation of the three-point function with respect to x212 from space-like separation
to time-like separation. Here we derive another representation of the time-like OPE block
by rewriting the three-point function using the duality between a pair of time-like separated
points and a codimension-two spacial defect [60, 61]. As a disclaimer, in this subsection
we will not be careful about the irrelevant overall normalization constants, as we are only
interested in the kinematical structure to compare with a proposed form of the time-like OPE
block by [42, 59].
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Hyperboloid
Figure 5. The HKLL-type representation of the scalar field propagating on the hyperboloid (5.11).
The bulk scalar field given by (5.12) is constructed by smearing a scalar primary O∆ on the Euclidean
space with the bulk to boundary propagator analogous to the HKLL kernel.
Let us recall the three-point function of scalar primaries
〈O1(P1)O2(P2) O˜∆¯(P3) 〉 ∝
1
P
∆+12−∆¯
2
12 P
∆¯−∆−12
2
23 P
∆−12+∆¯
2
31
=
1
P
∆+12
2
12
(
P23
P31
)∆−12
2
(
P12
P23P31
) ∆¯
2
.
(5.13)
We notice that the last factor in the above expression can be identified with the three-point
function of O˜∆¯(P3) with scalar primaries ϕ(P1) and ϕ(P2) of dimension zero:(
P12
P23P31
) ∆¯
2
= 〈ϕ(P1)ϕ(P2) O˜∆¯(P3) 〉 . (5.14)
This three-point function can be viewed as the one-point function of O˜∆¯(P3) in the presence
of a codimension-d scalar conformal defect D(d) representing a pair of operators ϕ(P1), ϕ(P2).
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Lorentzian time
Figure 6. The duality between a codimension-two defect [Left] and a codimension-d defect [Right].
The codimension-d defect is given by a pair of operators located at the tips of the causal diamond of
the dual defect.
Given this interpretation, we are able to dualize the codimension-d defect to a codimension-
two defect19
D(d) ←→ D(2) . (5.15)
More precisely, the kinematical part of a correlation function is invariant under the du-
ality:
〈D(d) O˜∆¯(P3) 〉 = 〈D(2) O˜∆¯(P3) 〉 . (5.16)
When x212 < 0, D(d) is time-like while the dual defect D(2) is a conformal defect supported on
a space-like codimension-two surface Σ12 that is uniquely determined by the pair of the time-
like separated points x1, x2 as shown in Fig. 6. In the dual picture, the one-point function is
given (up to a constant) by [60],
〈D(2) O˜∆¯(P3) 〉 =
(
lmin lmax
2r
)−∆¯
, (5.17)
where r is the radius of the spherical defect and lmin (max) is the minimum (maximum) distance
of O˜∆¯(P3) to the sphere. If we put fictitious operators with vanishing dimension on the dual
19In a d-dimensional CFT with a conformal defect D(p) of codimension-p, the duality holds between D(p)
and D(d+2−p) [60, 61].
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defect so that they are lmin (max) separated from P3, the one-point function in the presence of
the defect can be regard as the three-point function of local operators,
〈D(2) O˜∆¯(P3) 〉 =
(
P˜12
P˜23P˜31
) ∆¯
2
, (5.18)
where P˜i are the coordinates of the fictitious operators on the space-like defect D(2). Notice
that P˜1 and P˜2 depend on P3 as well as P1 and P2. With all this in mind, we can finally
rewrite the three-point function with the dual coordinates,
〈O1(P1)O2(P2) O˜∆¯(P3) 〉 =
1
P
∆+12
2
12
(
P23
P31
)∆−12
2
(
P˜12
P˜23P˜31
) ∆¯
2
, (5.19)
up to some constants. The main point is that in this expression P˜1 and P˜2 are space-like
separated while P1 and P2 are time-like separated.
Given the duality one would expect that the time-like OPE block takes a similar form as
the space-like one with x1, x2 replaced with the dual points x˜1, x˜2, but it does not appear to
work as x˜1 and x˜2 depend on x3 in (5.19) which makes the Fourier transform of the three-
point function with respect to x3 highly non-trivial. It simplifies however in d = 2 dimensions
where the dual points are uniquely fixed by the original points x1 and x2 independent of x3.
In this case, let us introduce the lightcone coordinates x = (u, v) where they are related to
the standard one by u = (x1 + x0)/2 and v = (x1 − x0)/2. When x1 is located in the future
lightcone of x2, we can set x1 = (u1, v1) and x2 = (0, 0) without loss of generality. Since x˜1
and x˜2 are given by the intersection of the null rays of x1 and x2, one can choose x˜1 = (u1, 0)
and x˜2 = (0, v1).
20 With this in mind, the OPE block becomes
B(L)∆ (x1, x2) ∝
1
|x212|
∆+12
2
∫ 1
0
du
u(1− u)
×
∫
t2+y2≤η˜(u)2
dt dy
(
η˜(u)
η˜(u)2 − t2 − y2
)∆˜
O∆
(
t˜(u) + t, x˜(u) + i y
)
,
(5.20)
where the “holographic” coordinates x˜µ(u) and η˜(u) are
x˜µ(u) = u x˜µ1 (x1, x2) + (1− u) x˜µ2 (x1, x2) , η˜(u) =
√
u(1− u) x˜212 . (5.21)
The second line can be interpreted as the HKLL field Φ
(L)
∆ (defined by (4.10)) integrated over
the bulk geodesic γ˜12 between the space-like separated points x˜1 and x˜2:
B(L)∆ (x1, x2) ∝
1
|x212|
∆+12
2
∫
γ˜12
dλΦ
(L)
∆
(
t˜(λ), x˜(λ), η˜(λ)
)
, (5.22)
20The role of x˜1 and x˜2 can be swapped and the choice x˜1 = (0, v1), x˜2 = (u1, 0) is also allowed.
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Figure 7. Time-like OPE block and surface Witten diagram. The blue shaded region is the causal
diamond ♦12 of the time-like separated points x1 and x2. The co-dimension-two surface Σ12, which is
the intersection of the past lightcone of x1 and the future lightcone of x2, is represented by two points
in the figure. The bulk field is smeared over the codimension-two surface (the orange curve) in the
bulk.
where λ is the geodesic parameter related to u by the relation (2.25).
It is worthwhile to compare the dual defect picture with the surface Witten diagram
proposal [42, 59] as a holographic description of the time-like OPE block,
B(L)∆ (x1, x2) =
1
|x212|
∆+12
2
∫
Ξ12
dd−1ξ
√
hΦ
(L)
∆ (x
µ(ξ), z(ξ)) , (5.23)
where Ξ12 is the codimension-two surface bounding the dual defect Σ12 on the boundary
of the AdS space-time as shown in Fig. 7. As a modest check one can show the two-point
function of the surface Witten diagram and a scalar primary operator reproduces the correct
structure of the three-point function (see appendix D). In two dimensions, the bulk surface
Σ12 becomes a one-dimensional curve that coincides with the bulk geodesic γ˜12 between the
dual points of the time-like separated points x1 and x2. Hence the surface Witten diagram
precisely agrees with our Lorentzian OPE block when d = 2.
In higher dimensions, the surface Witten diagram associates the time-like OPE block to
the bulk surface Ξ12 anchored on the dual defect Σ12 as in (5.23), so one may still be tempted
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to extend the present method based on the dual defect picture to the higher-dimensional
case. Naively this would work if the surface Witten diagram reduced to the geodesic Witten
diagram connecting the dual coordinates x˜1 and x˜2 on Σ12 by regarding the surface as a
collection of geodesics with different angles and integrating over the angular direction. While
we were not able to show it, it would be worthwhile to prove the equivalence between the
surface Witten diagram and the time-like OPE block based on the approach outlined in this
section.
5.3 Lorentzian OPE block in position space
We have derived the Lorentzian OPE block in the momentum space shadow formalism. Com-
paring with the Euclidean case, the derivation in the Lorentzian case was more involved. One
may suspect the space-time derivation is much simpler than the momentum counterpart even
in Lorentzian case, but it has to be done with extra care as we will show below.
Let us analytically continue the Euclidean OPE block (2.18) just by using i-prescription
B(L)∆,J(x1, x2) =?
∫
[ddy]L F∆1,∆2,[∆¯,J ](x1, x2, y; dz)O∆,J(y, z) , (5.24)
where F∆1,∆2,[∆¯,J ](x1, x2, y; dz) is the time-ordered three-point function and the integration
is performed over the entire space-time. This naive analytic continuation, however, does not
agree with the correct result (3.14). This is because the time-ordered correlator includes the
shadow contribution proportional to the Wightman function W∆1,∆2,[∆¯,J ] [55] in addition to
the direct one as seen from the decomposition
F∆1,∆2,[∆¯,J ](x1, x2, y; dz) = c1W∆1,∆2,[∆¯,J ](x1, x2, y; dz) + c2W∆1,∆2,[∆,J ](x1, x2, y, dz′)W∆¯,J(y, z
′, dz) ,
(5.25)
with some constants c1 and c2.
21 Hence subtracting the shadow contribution amounts to the
Lorentzian OPE block in position space:
B(L)∆,J(x1, x2) =
∫
[ddy]LW∆1,∆2,[∆,J ](x1, x2, y; dz) O˜∆¯,J(y, z) , (5.26)
which is Fourier transform of the momentum representation (3.14).22
Now let us compare our finding (5.26) with the time-like OPE block proposed by [42, 59],
B(L)∆,J(x1, x2) =
∫
♦12
[ddy]L 〈O1(x1)O2(x2) O˜∆¯,J(y, dz) 〉O∆,J(y, z) , (5.27)
where the integration range ♦12 is the causal diamond with the tips at x1 and x2. The
proposed expression (5.27) looks almost the same as ours (5.26), but they have different
21This expression follows from the analytic continuation of (3.18) with (3.25).
22We suppress the overall constant for simplicity.
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integration ranges. Also it is not clear in the proposal which type of the three-point function
should be used in (5.27). The problem of the integration range may be accounted for by using
the conformal transformation to place the point y inside the causal diamond ♦12. Under this
map, the three-point functions in different causal regions takes the same form up to phase.
For instance, the time-ordered correlator is
F∆1,∆2,[∆¯,J ](x1, x2, y; dz) = e
i θF (x1,x2,y) 〈O1(x1)O2(x2) O˜∆¯,J(y, dz) 〉n , (5.28)
where we define the kinematical three-point function by the analytic continuation of the
Euclidean correlator without i -prescription,
〈O1(x1)O2(x2) O˜∆¯,J(y, dz) 〉n ≡ E∆1,∆2,[∆¯,J ](x1, x2, y; dz)|xdi→ix0 , (5.29)
and the phase θF is constant taking different values depending on the causal relation between
the three points x1, x2 and y. The Wightman correlator also takes the same form with the
phase θW . Hence splitting (5.26) into the sum of integrals over different causal regions, rewrit-
ing with the time-ordered and Wightman correlators using the relation (5.25) and mapping
all the causal regions to ♦12, the Lorentzian OPE block becomes
B(L)∆,J(x1, x2) = c
∫
♦12
[ddy]L 〈O1(x1)O2(x2) O˜∆¯,J(y, dz) 〉nO∆,J(y, z) , (5.30)
where c is the sum of the phase factors associated with different casual regions. So our
Lorentzian OPE block (5.26) is equivalent to the proposal by [42, 59] in the time-like case if
the three-point function is understood as the kinematical one (5.29).
6 Discussion
In this paper, we showed that the OPE block of two scalar primary operators in d-dimensional
Lorentzian CFT’s has a natural holographic description in (d + 1)-dimensional space-time.
Depending on the causal relation of the two points, space-like or time-like, we obtained
distinctly different pictures which would not have been realized simply by examining the
Euclidean case and performing direct analytic continuation. The space-like OPE block is
given by integrating a higher spin field on the geodesic connecting the two CFT operators
inside the AdS space-time. This result extends the previous studies [41, 45] to the most
general case, and can be seen as half of the geodesic Witten diagram [19, 51, 52]. The time-
like OPE block has a similar holographic description, but the dual gravity is not on the AdS
space-time but on the hyperboloid with two time coordinates.
In contrast to the Euclidean case this new structure has some implications and raises addi-
tional subtleties for constructing the holographic description of conformal block in Lorentzian
CFT’s. To see this, let us use the shorthand notations x1 ≈ x2 when x1 and x2 are space-like
separated and x1 > x2 when x1 is in the future lightcone of x2, and consider three types of
conformal block depending on the causal relations of four points:
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• When x1 ≈ x2 and x3 ≈ x4 the conformal block is given by the correlator of two space-
like OPE blocks, hence it is described by the geodesic Witten diagram in the Lorentzian
AdS space-time. The propagator between the two geodesics is of Wightman type.
• When x1 > x2 and x3 > x4 the conformal block is given by the correlator of two time-
like OPE blocks, hence it is described by the analogue of the geodesic Witten diagram
in the hyperboloid.
• When x1 ≈ x2 and x3 > x4 the conformal block is given by the correlator of space-
like and time-like OPE blocks. In this case, each block is holographically realized in a
different space-time, so it is not possible to describe the conformal block in the same
way as the geodesic Witten diagram.
In the third case, it is more natural to use the surface Witten diagram for the time-like OPE
block as suggested in [42], then the conformal block is given by a bulk to bulk propagator
anchored on the codimension-two surface Ξ12 and the geodesic γ34 in the Lorentzian AdS
space-time. Only in two dimensions we were able to derive the surface Witten diagram from
the time-like OPE block, and the problem of deriving the surface Witten diagram still remains
open in higher dimensions.
Starting from the space-like OPE block (4.11) we arrived at the holographic description
(4.24) as the HKLL-type spinning field (4.25) integrated over the geodesic γ12 in AdS. In
the scalar case (4.10) the expression is known as the Poincare´ smearing of an AdS scalar
field where the kernel has support on the entire Poincare´ boundary [44]. On the other hand
there is an alternative construction of the same field in the AdS-Rindler coordinates known as
the AdS-Rindler smearing [44] where the boundary operator is smeared in the (complexified)
boundary region space-like to the bulk point X. This expression is more illuminating than the
global one as it allows us to reconstruct a bulk field in the AdS causal wedge anchored on a
causal diamond by smearing the CFT operators only on the causal diamond [71]. The region
associated with a pair of time-like separated points x1 and x2 is the causal diamond ♦12,
which can be mapped to R×Hd−1 by a conformal map [72]. Since R×Hd−1 is the conformal
boundary of the AdS-Rindler coordinates it is reasonable to expect the AdS-Rindler smearing
appears in the time-like OPE block when represented in the R×Hd−1 coordinates. We hope
to investigate this interesting problem elsewhere.
The bulk field Φ
(L)
∆,J we defined by (4.26) supposedly describes a massive higher spin
in the AdS space-time as its Euclidean counterpart Φ
(E)
∆,J given by (2.47) and its equivalent
form (2.34) clearly satisfies the equation of motion. Indeed Φ
(L)
∆,J correctly reduces to the
massless higher spin field (4.20) when the dual operator is conserved as shown in section
4.2.1. In the spin-1 case, we found a discrepancy between our derived bulk field and the
HKLL representation of the massive spin-1 field existing in the literature [70], as is mentioned
below (4.22). While we do not have a complete resolution of this discrepancy, we suggest two
possibilities to reconcile them. First one is that since the bulk field appears in the OPE block
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in the integrated form the difference between the two fields vanishes when integrated over the
geodesic. Second one is that the difference originates from the “gauge” choice in deriving the
HKLL representation as there is a freedom for the choice of the integral kernel in constructing
the same field [43, 70]. It is desirable to resolve this discrepancy completely in the future.
It is worthwhile emphasizing that the Euclidean OPE block (2.33) (or its differential
representation (2.45)) has the same structure as the Lorentzian block (4.24) with the common
coefficient N12,[∆,J ]. It means that the location of the physical poles in the complex ∆ plane
is the same as it is determined by N12,[∆,J ], so their pole structures also agree while the
Euclidean block includes the shadow poles in addition to the physical poles.
Finally let us end with a couple of future research directions.
• In this work, we have specifically constructed the holographic description of the OPE
block by considering the shadow projector. However in the Lorentzian CFT’s, it is
known that we can also have spin-shadow and light ray transformations [33, 38], such
that the full projector should include these transformations as they are also part of the
D8 Weyl group of the Lorentzian conformal symmetry group SO(2, d). It would be very
interesting to generalize our construction to consider the OPE blocks involving these
non-local exchange operators, and how causality conditions can modify the definitions
of HKLL-type representation of their bulk dual fields. These additional generalizations
will naturally lead us to constructing the holographic dual configurations for various
Lorentzian conformal blocks, extending the relatively straightforward Euclidean con-
struction.
• The bulk field we defined in (2.34) clearly satisfies the equation of motion of a massive
higher spin field in the Euclidean AdS space. When J = 0 and ∆1 = ∆2 = 0 (2.33)
can be seen as the Radon transform that intertwines between the bulk scalar equation
of motion and the Casimir equation of the scalar OPE block [42] (see also [73, 74]).
Based on this observation we speculate that (2.33) is a variant of the Radon transform
between functions on Hd+1 and on the moduli space of a pair of points, and the equation
of motion follows from the quadratic Casimir equation for the OPE block. It would also
be intriguing to see if (4.24) can be regarded as a Lorentzian analogues of the Radon
transform and a similar story holds.
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A Miscellaneous
A.1 Useful formulas
Here we collect some of the useful mathematical formulae and identities used in the main
text.
Schwinger parametrization
1
x∆
=
1
Γ(∆)
∫ ∞
0
dt
t
t∆ e−tx . (A.1)
Alternatively, [75]
1
(x− i 0)∆ =
i∆
Γ(∆)
∫ ∞
0
dt
t
t∆ e−i tx . (A.2)
A useful identity Here we will derive the following identity which is used for deriving the
momentum space representation of the three-point function:∫
[ddx3]E e
i p·x (x213)
−δ1(x223)
−δ2 =
2pih
Γ(δ1) Γ(δ2)
(
p2
4x212
) δ1+δ2−h
2
×
∫ 1
0
duu
δ1−δ2+h
2
−1(1− u) δ2−δ1+h2 −1ei p·(ux1+(1−u)x2)Kδ1+δ2−h
(√
u(1− u) p2 x212
)
.
(A.3)
To show it we adopt the Schwinger parametrization∫
[ddx3]E e
i p·x (x213)
−δ1(x223)
−δ2 =
1
Γ(δ1) Γ(δ2)
∫ ∞
0
dα
α
∫ ∞
0
dβ
β
αδ1βδ2
∫
ddx3 e
−αx213−βx223+i p·x3 ,
(A.4)
Using the translation invariance, the x3-integral can be done as∫
[ddx3]E e
−αx213−βx223+i p·x3 =
∫
[ddy]E e
−αy2−β(x12+y)2+i p·(y+x1)
= ei p·x1−βx
2
12
∫
[ddy]E e
−(α+β)y2−(2βx12−i p)·y
=
pihei p·x1−βx212
(α+ β)h
e
(2βx12−i p)2
4(α+β) . (A.5)
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Then introducing the change of variables α = yu, β = y(1− u) we obtain the expression we
wanted to derive:
pihei p·x1
Γ(δ1) Γ(δ2)
∫ 1
0
du
∫ ∞
0
dy uδ1−1(1− u)δ2−1yδ1+δ2−h−1 e−yu(1−u)x212− p
2
4y
−i (1−u)p·x12
=
2pih
Γ(δ1) Γ(δ2)
(
p2
4x212
) δ1+δ2−h
2
∫ 1
0
duu
δ1−δ2+h
2
−1(1− u) δ2−δ1+h2 −1ei p·(ux1+(1−u)x2)
× Kδ1+δ2−h
(√
u(1− u) p2 x212
)
, (A.6)
where we used the integral formula:∫ ∞
0
dxxν−1e−
β
x
−γx = 2
(
β
γ
)ν/2
K−ν(2
√
βγ) . (A.7)
A.2 Embedding formalism in R1,d+1 and R2,d
In this appendix, we give the necessary details about the embedding space for both Euclidean
R1,d+1 and Lorentzian R2,d, following [38], which are relevant for the discussions of OPE
blocks discussed in the main text.
For the Euclidean embedding space R1,d+1, the so-called Poincare´ section relating it
coordinates and the ones for the physical space Rd and (d + 1)-dimensional Euclidean AdS
space is well-known [18, 27]:
(P+, P−, P i) = (1, x2, xi) , (X+, X−, Xi) =
1
η
(1, y2 + η2, yi) ,
(Z+, Z−, Zi) = (0, 2x · z, zi) , (W+,W−,W i) = (0, 2y · w,wi) , i = 1, . . . , d .
(A.8)
where η is the radial coordinate in AdS-Poincare´ metric [18, 27]. Here we have also introduced
both boundary and bulk polarization vectors which satisfy the transverse conditions
PAZA = X
AWA = 0 . (A.9)
For the Lorentzian embedding space R2,d we can do similar, let us denote its coordinates
as P−1, P 0, . . . , P d with the metric:
P 2 = −(P−1)2 − (P 0)2 + (P 1)2 + · · ·+ (P d)2 , (A.10)
they transform as the vector representation under SO(2, d) group. Similar to the embedding
formalism for Euclidean space, we can consider the null cone in R2,d:
(P−1)2 + (P 0)2 = (P 1)2 + · · ·+ (P d)2. (A.11)
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We can embed d-dimensional Minkowski spaceMd in the null cone (A.11) by introducing the
lightcone coordinates:
P± = P−1 ± P d , (A.12)
and restricting along the P+ 6= 0 locus. This allows us to use R-rescaling to set P+ to 1,
i. e., choosing the Lorentzian analogue of Poincare´ patch. We can now further identify the
Minkowski coordinates to be Pµ = xµ, µ = 0, 1, . . . , d− 1, and have the Lorentzian analogue
of Poincare´ section:
(P+, P−, Pµ) = (1, x2, xµ) , (Z+, Z−, Zµ) = (0, 2z2, zµ) (A.13)
where x2 = ηµνx
µxν and z2 = ηµνz
µzν evaluated with respect to the Minkowski metric
ηµν . Similarly we can also consider embedding (d+ 1)-dimensional Lorentzian Anti-de Sitter
space-time in R2,d by the following hyperboloid:
−X+X− − (X0)2 + (X1)2 + · · ·+ (Xd−1)2 = −1 . (A.14)
where we have again defined the lightcone coordinates X± = X−1 ± Xd as in (A.12), and
make the following identifications:
(X+, X−, Xµ) =
1
η
(1, y2 + η2, yµ) , (A.15)
which satisfy (A.14). Finally, we can also consider embedding the following hypersurface:
−Y +Y − − (Y 0)2 + (Y 1)2 + · · ·+ (Y d−1)2 = +1 , (A.16)
which can be satisfied by (5.10), and it can be related to de Sitter space-time by Wick rotating
the Lorentzian time coordinate x0.
B Wightman and time-ordered functions
In this appendix, we summarize our conventions for Wightman and time-ordered correlation
functions obtained from the Euclidean correlation function by the analytic continuation.
B.1 Scalar primary
Let us start with the Euclidean two-point correlation function of a scalar primary operator
O∆(x) is fixed by conformal symmetry to be
〈O∆(x)O∆(0) 〉E = 1
(x2)∆
= E∆(x) , (B.1)
where x = (x1, · · · , xd) and we have introduced the shorthand notation E∆(x) to denote
Euclidean correlation function. The Fourier transform of the two-point function is given by:
E∆(x) = α∆,0
∫
[ddp]E
(2pi)d
ei p·x (p2)∆−h , (B.2)
with α∆,J defined by (2.11).
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Wightman correlator The analytic continuation
xd = ix0 +  ,  > 0 (B.3)
in E∆(x) yields the Wightman two-point function:
W∆(x) ≡ 〈0| O(x)O(0) |0〉 = 1
[−(x0 − i )2 + (x)2]∆ , (B.4)
for the Lorentzian coordinates xµ = (x0,xi), (i = 1, · · · , d − 1). The Fourier transform is
derivable from (B.2) as follows:
W∆(x) = α∆,0
∫
dd−1p
(2pi)d−1
eip·x
∫ ∞
−∞
dpd
2pi
e−p
d(x0−i )
(
p2 + (pd)2
)∆−h
= α∆,0
∫
dd−1p
(2pi)d−1
eip·x i
∫ ∞
0
dp0
2pi
e−i p
0x0−p0
[(
p2 − (p0 − i δ)2)∆−h − (p2 − (p0 + i δ)2)∆−h] ,
(B.5)
where we defined pd = i p0 and introduced a small cutoff δ > 0 to deform the contour of
integration for pd from the real axis to the imaginary axis. Using a formula
(x+ i δ)a − (x− i δ)a = 2 i sin(pia) Θ(−x) (−x)a , (B.6)
for the discontinuity in the integrand, we obtain
W∆(x) =
pih+1
22∆−d−1Γ(∆) Γ(∆− h+ 1)
∫
[ddp]L
(2pi)d
ei p·x Θ(p0) Θ(−p2) (−p2)∆−h , (B.7)
which is the momentum space two point function we used in the main text.
Time-ordered correlation function Here we also consider the time-ordered two point
correlation function constructed from the Wightman function:
F∆(x) ≡ 〈0|T [O(x)O(0)] |0〉
= Θ(x0)W∆(x) + Θ(−x0)W∆(−x)
=
1
(x2 + i )∆
.
(B.8)
It is obtained from the Euclidean correlation function by the Wick rotation instead (c. f. (B.3)
):
xd = (i + )x0 , (B.9)
thus has the Fourier transform
F∆(x) = −iα∆,0
∫
[ddp]L
(2pi)d
ei p·x (p2 − i )∆−h . (B.10)
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B.2 Spin-J primaries
In this appendix, we would like to perform similar analytic continuation to obtain Spinning
Wightman function. To write down the two-point function of a spin-J primary operator we
introduce the index-free notation
O∆,J(x, z) ≡ O∆,µ1···µJ (x) zµ1 · · · zµJ , (B.11)
where zµ is a null polarization vector z2 = 0. In the index-free notation the normalized
Euclidean two-point function can be written as
E[∆,J ](x; z1, z2) = 〈O∆,J(x, z1)O∆,J(0, z2) 〉
=
[x2(z1 · z2)− 2(x · z1)(x · z2)]J
(x2)∆+J
.
(B.12)
The Fourier transform becomes (see e.g. [76])
E[∆,J ](p; z1, z2)
=
piJ J ! Γ(h−∆)
22∆−d−JΓ(∆ + J)
(p2)∆−h
(
(p · z1)(p · z2)
−p2
)J
P
(∆−h−J, h−2)
J
(
1− p
2 (z1 · z2)
(p · z1)(p · z2)
)
= α∆,J (p
2)∆−h
J∑
r=0
2r
(
J
r
)
(h−∆)r
(2−∆− J)r (z1 · z2)
J−r
(
(p · z1)(p · z2)
−p2
)r
,
(B.13)
with α∆,J defined by (2.11).
The Wightman two-point function can be obtained by the analytic continuation as in
the same way as the scalar case (B.7) (see e.g. section 5.D in [47] for details) or solving the
conformal Ward identity [53]:
W[∆,J ](p; z1, z2) = C∆,J Θ(p
0) Θ(−p2) (−p2)∆−h
J∑
r=0
2r
(
J
r
)
(h−∆)r
(2−∆− J)r (z1 · z2)
J−r
(
(p · z1)(p · z2)
−p2
)r
,
(B.14)
where the normalization constant is given by:
C∆,J = 2 sin (pi(∆− h)) α∆,J
=
pih+1
22∆−d−1 (∆ + J − 1) Γ(∆− 1) Γ(∆− h+ 1) .
(B.15)
With this normalization, the Wightman function satisfies the identity:
W[∆,J ](p; z1, dz)W[∆¯,J ](p; z, z2) = C∆,J C∆¯,J Θ(p
0) Θ(−p2) (z1 · dz)J (z · z2)J , (B.16)
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where dz is the Todorov operator
(dz)µ ≡
(
h− 1 + z · ∂
∂z
)
∂
∂zµ
− 1
2
zµ
∂2
∂z · ∂z . (B.17)
Written in the physical space, it implies that W[∆¯,J ] is the inverse of W[∆,J ] in the following
sense:
Wµ1···µJ ,ρ1···ρJ[∆,J ] (p)W[∆¯,J ],ρ1···ρJ ,ν1···νJ (p) = C∆,J C∆¯,J Θ(p
0) Θ(−p2)
[
δµ1(ν1 · · · δ
µJ
νJ )
− traces
]
.
(B.18)
For completeness, here we also list the embedding space lift of the Todorov operator (B.17):
DAZ =
(
h− 1 + Z · ∂
∂Z
)
∂
∂ZA
− 1
2
ZA
∂2
∂Z · ∂Z , (B.19)
and its (d+ 1)-dimensional AdS space counterpart:
KA =
d− 1
2
[
∂
∂WA
+XA
(
X · ∂
∂W
)]
+
(
W · ∂
∂W
)
∂
∂WA
+XA
(
W · ∂
∂W
)(
X · ∂
∂W
)
− 1
2
WA
[
∂2
∂W · ∂W +
(
X · ∂
∂W
)(
X · ∂
∂W
)]
.
(B.20)
C Integral representation of Bessel functions
In the main text, we used integral representations of Bessel functions to rewrite the OPE
block into the form allowing for the holographic interpretation. In this appendix we will give
the details of the derivations. To this end we start with proving the identity,∫
[ddxˆ]E e
i p·x = 2pih
(px
2
)1−h
Jh−1(px) , (C.1)
where xˆ denote the angular variables in (Euclidean) d-dimensional space and h = d/2, p = |p|,
x = |x|. This formula can be understood by considering the following expansion of the plane
wave,
ei p·x = Γ(h− 1)
(px
2
)1−h ∞∑
l=0
il (h− 1 + l) Jh−1+l(px)Ch−1l (pˆ · xˆ) , (C.2)
and the orthogonality relation of the Gegenbauer polynomials [77]∫
[ddxˆ2]EC
ν
m(xˆ1 · xˆ2)Cνn(xˆ2 · xˆ3) = δnm
2piν+1ν
(n+ ν)Γ(ν + 1)
Cνn(xˆ1 · xˆ3) , (C.3)
for n = 0 with Cν0 (x) = 1.
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C.1 Modified Bessel function of the second kind Kν
Let us consider the following integral∫
[ddy]E (x
2 + y2)ν−h ei p·y . (C.4)
Using the identity (C.1), it is written as∫
[ddy]E (x
2 + y2)ν−h ei p·y =
∫ ∞
0
dy yd−1
∫
[ddyˆ]E (x
2 + y2)ν−h ei p·y
= (2pi)h p1−h
∫ ∞
0
dy yh (x2 + y2)ν−h Jh−1(py)
=
2ν+1pih
Γ(h− ν)
(
x
p
)ν
Kν(px) ,
(C.5)
where we used the formula (6.565.4) of [78]∫ ∞
0
dy yα+1 (y2 + x2)−(β+1) Jα(py) =
xα−βpβ
2β Γ(β + 1)
Kα−β(px) , (C.6)
which holds for −1 < Reα < Re(2β + 3/2), x > 0 and p > 0, in the last equality.
It is also instructive to give an alternative derivation using the Schwinger parametrization
(A.1) ∫
[ddy]E (x
2 + y2)ν−h ei p·y =
1
Γ(h− ν)
∫ ∞
0
dt
t
th−ν e−tx
2
∫
[ddy]E e
i p·y−ty2
=
pih
Γ(h− ν)
∫ ∞
0
dt
t
t−ν e−tx
2− p2
4t
=
2ν+1pih
Γ(h− ν)
(
x
p
)ν
Kν(px) .
(C.7)
Hence we find the following integral representation of the modified Bessel function of the
second kind,
Kν(px) =
Γ(h− ν)
2ν+1pih
(p
x
)ν ∫
[ddy]E (x
2 + y2)ν−h ei p·y . (C.8)
C.2 Bessel function of the first kind Jν
Next we show the following integral representation of the Bessel function of the first kind:
Jν(px) =
1
2νpihΓ(ν − h+ 1)
(p
x
)ν ∫
y≤x
[ddy]E (x
2 − y2)ν−h ei p·y . (C.9)
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We prove it by rewriting the integral in the right hand side,∫
y≤x
[ddy]E (x
2 − y2)ν−h ei p·y =
∫ x
0
dy yd−1
∫
ddyˆ (x2 − y2)ν−h ei p·y
=
∫ x
0
dy yd−1 (x2 − y2)ν−h 2pih
(py
2
)1−h
Jh−1(py)
= 2pih
(p
2
)1−h
xh+2µ+1
∫ 1
0
dr rh (1− r2)ν−h Jh−1(pxr)
= 2νpih Γ(ν − h+ 1)
(
x
p
)ν
Jν(px) ,
(C.10)
where we used the formula (6.567.1) of [78]∫ 1
0
dxxα+1 (1− x2)β Jα(bx) = 2β Γ(β + 1) b−(β+1) Jα+β+1(bx) , (C.11)
which holds for b > 0, Reα > −1 and Reβ > −1, in the last equality.
C.3 Modified Bessel function of the first kind Iν
Consider the following integral:∫
y≤x
[ddy]E (x
2 − y2)ν−h e−p·y = Vol(Sd−2)
∫ x
0
dy y2h−1 (x2 − y2)ν−h
∫ pi
0
dθ sin2(h−1) θ e−py cos θ
= (2pi)h p1−h
∫ x
0
dy y2h−1 (x2 − y2)ν−h Ih−1(py)
= 2νpih Γ(ν − h+ 1)
(
x
p
)ν
Iν(px) ,
(C.12)
where we used in the last equality the identity (19.5.5) in [79])∫ x
0
dy yα+1 (x2 − y2)β−1 Iα(y) = 2β−1xα+β Γ(β) Iα+β(x) , (C.13)
which holds for Reα > −1 and Reβ > 0. Hence we find the integral representation of Iν :
Iν(px) =
1
2νpih Γ(ν − h+ 1)
(p
x
)ν ∫
y≤x
[ddy]E (x
2 − y2)ν−h e−p·y , (C.14)
which can be seen as an alternative derivation of (C.9) using the relation (4.2).
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D Calculating three-point function by surface Witten diagram
In this section, we check whether the surface Witten diagram (5.23) is a correct holographic
description of the time-like OPE block. We will compute the two-point function of the surface
Witten diagram and a CFT operator to see if it correctly reproduces the structure of the
scalar three-point function. We can choose x1 = (R/2,~0) and x2 = (−R/2,~0), (i. e., a pair
of time-like separated points centered at the origin) without loss of generality as a general
configuration is easily achieved by performing Lorentz transformation. The dual defect Σ12
is a codimension-two sphere of radius r located at the origin. Σ12 extends to the bulk surface
Ξ12 whose worldvolume is specified in the Poincare´ coordinates by:
t = 0 , ρ2 + z2 = R2 , (D.1)
where we use the polar coordinates to parameterize the boundary space-time
ds2R1,d−1 = −dt2 + dρ2 + ρ2 dΩ2d−2 . (D.2)
The bulk surface Ξ12 defined by (D.1) inherits a spherically symmetry SO(d − 1) from the
spherical defect Σ12. We choose the worldvolume coordinates ξ to be (u, θi) (i = 1, · · · d− 2)
where θi are the spherical coordinates and u is a coordinate parameterizing the semi-circle
ρ = R (2u− 1) , z = 2R
√
u(1− u) . (D.3)
The spherical symmetry allows us to reduce (5.23) to an integral on the geodesic from a
point x′1 on Σ12 to the antipodal point x′2, which is the great circle parameterized by u
(1/2 ≤ u ≤ 1), times the volume of the sphere. With these parametrization, (5.23) becomes
B∆(x1, x2) ∼ 1
|x212|
∆+12
2
Vol(Sd−2)
2
∫ 1
0
du
u(1− u)
1
2d−1
(
(2u− 1)2
u(1− u)
) d−2
2
Φ0(x
′(u) z′(u)) , (D.4)
where x′(u) and z′(u) are the AdS coordinates on the geodesic from x′1 to x′2.
Let us confirm that (D.4) reproduces the CFT three-point function. We consider the
following two-point function,
〈 B∆(x1, x2)O∆(x3) 〉 ∼ 1
|x212|
∆+12
2
Vol(Sd−2)
2
∫ 1
0
du
u(1− u)
1
2d−1
(
(2u− 1)2
u(1− u)
) d−2
2
〈Φ0(x′(u) z′(u))O∆(x3) 〉 .
(D.5)
The HKLL construction of the bulk scalar field lets 〈Φ0(x′(u) z′(u))O∆(x3) 〉 be proportional
to the bulk-to-boundary propagator K∆(x
′(u), z′(u), x3). Let us further choose x3 = 0 so
that the propagator simplifies to
〈Φ0(x′(u), z′(u))O∆(0) 〉 = K∆
(
x′(u), z′(u), 0
)
=
(
2
√
u(1− u)
R
)∆
.
(D.6)
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Substituting it to (D.5), we end up with
〈 B∆(x1, x2)O∆(x3) 〉 ∼ Vol(S
d−2)
2d−∆
1
R2∆1+∆
∫ 1
0
du
u(1− u)
(
(2u− 1)2
u(1− u)
) d−2
2
(u(1− u))∆2 ,
(D.7)
where we substitute ∆+12 = ∆1 + ∆2 = 2∆1. The last integral can be done analytically,∫ 1
0
du
u(1− u)
(
(2u− 1)2
u(1− u)
) d−2
2
(u(1− u))∆2
= (−1)−d 2 d2−∆−1Γ
(−d+ ∆ + 2
2
)[
2d/2
√
pi 2F1
(
2− d, −d+∆+22 ;−d+ ∆ + 2; 2
)
Γ
(−d+∆+3
2
)
+
(
(−1)d − 1) 2∆/2 Γ(d− 1) 2F1 (d−∆2 , −d+∆+22 ; d+∆2 ; 12)
Γ
(
d+∆
2
) ] , (D.8)
which gives the overall coefficient. This reproduces the correct R-dependence of the three-
point structure when x1 = (R/2, 0) , x2 = (−R/2, 0) and x3 = 0.
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